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The Goldfish Over the Rainbow

Garlos E. Aguiar and Antonio C. F. Santos, Universidade Federal do Rio de Janeiro, R], Brasil

Eric B. Lapes, Instituto Federal Fluminense, R]J, Brasil
Walter S. Santos, Colégio Pedro 11, R}, Brasil

goldfish isn’t always visible inside its fishbowl. If the
Afish gets sufficiently close to the bowl glass, it will

disappear for certain angles of observation. In a re-
cent paper in this journal,! Zhu and Shi explained the effect
in terms of total internal reflection. We show in what follows
that the phenomenon involves some richer optics: a rainbow
defines one of the boundaries of the “blind zone” where the
fish disappears.

Total internal reflection

Let us consider a
spherical fishbowl
of radius R, with the
goldfish at distance
a from its center.
Figure 1 shows a
light ray starting at
the fish (the red dot)
and leaving the bowl
after refraction. The
ray initially makes
an angle y with the
line joining the fish
to the center of the bowl, and reaches the wall with angle of
incidence i.

The angle of incidence is related to v by the law of sines

Fig. 1. Light ray coming from the fish (red
dot) in the bowl.

sini=xsin 7, (1)

where x = a /R is the distance from the center in units of
the bowl radius. After refraction at the surface, the light ray
leaves the fishbowl making an angle r with the direction of
normal incidence (see Fig. 1). Using Snell’s law and Eq. (1)
we find that

sinr=nxsin~y, (2)

where n is the refraction index of water relative to air (we
neglect the width of the glass wall).

The role of total internal reflection on the disappearance of
the goldfish is understood by noting that, since sin r = 1, Eq.
(2) implies that light rays are refracted out of the bowl only for
angles such that

siny = 1/(nx). (3)

If the goldfish is not too far away from the center of the
bowl—more precisely, if a < R/n—then nx < 1 and Eq. (3)
poses no restriction on the angle ~. In this case every light
ray coming from the fish leaves the bowl. On the other hand,
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Eq. (3) defines an angular range 7
w2 -6<y<T/2+ 6, (4)

in which total internal reflection prevents the light rays from
escaping the bowl. The width of this range is 26, where ¢ =
cos”!(1/nx), a result following from Eq. (3) and the trigono-
metric relation sin 7 = cos(y - 7/2).

It is useful to define the “observation angle” © between the
outgoing ray and the line passing through the goldfish and
the center of the bowl. From Fig. 1 we see that

O=vy+r-i (5)

Should © increase monotonically with v, the angular range
of total internal reflection given by Eq. (4) would transform
into the interval

T—i,—-0<O<m-i +0, (6)

where i, = sin"}(1/n) is the critical angle for reflection and
we have used that the corresponding refraction angle is 7/2.
According to Ref. 1 the fish should be invisible from these
observation angles. However, as we discuss next, the “blind
zone” is somewhat smaller than the range defined in Eq. (6),
and this has to do with the appearance of a rainbow.

A rainbow at the fishbowl

Light rays originating at the goldfish and leaving the
fishbowl are
shown in Fig.
2. The fish is
represented
by the red dot
to the right
of the center
of the bowl.
For clarity
we have not
drawn the
rays inside

the right) as they emerge from the fishbowl. The
the bowl. The figure is an implementation of the refraction law,
Eq. (2), in a dynamic geometry environment.23

blind zone
from which the fish cannot be seen is the large gap between
the rays. To the right of the figure, the blind zone is limited

by rays leaving the bowl tangentially. This corresponds to the
onset of total internal reflection, given by the lower limit in
Eq. (6). The other boundary of the blind zone is more compli-
cated. Close inspection of Fig. 2 shows that the rays defining
this boundary are not tangential to the bowl, indicating that
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Fig. 3. Observation angle © as function of Egs. (1), (2) and

~ for three values of the distance param-
eter: x = 0.7 (red curve, bottom), 0.8 (blue (5)]. Three curves,
curve, middle), and 0.9 (black curve, top). Corresponding to
different values of
the distance parameter x, are shown. For x = 0.7 the fish is
always visible, as in this case nx < 1 (we took n = 1.33 for the
water-air refractive index). For the larger values of x (0.8 and
0.9), nx > 1 and a gap appears in the curves, corresponding
to the invisibility zone. The ~y range of the gap is given by Eq.
(4), but the observation angle gap is shorter than the one in
Eq. (6) due to the non-monotonic behavior of near the upper
boundary—it first decreases to values smaller than 7 - i, +
0 [the upper limit in Eq. (6)], then goes through a minimum

Fig. 4. Light from a lamp in a glass container
filled with water. The lamp (or a fish) cannot be
seen from the dark zone. The bright boundary
between the dark and illuminated areas is a
rainbow.

Fig. 5. A closer view of the rainbow, showing the
color separation due to dispersion.

and finally increases steadily.

Besides shortening the blind zone, the minimum of @ (v)
has another important consequence. An extremal point
(a maximum or minimum) in © () is the telltale sign of
arainbow at the corresponding observation angle.*> This
means that the blind zone ends at a rainbow. The clustering
of emerging rays at the rainbow angle makes this endpoint
appear very bright and sharply defined. At the other bound-
ary there is a gradual transition from light to dark, associated
with the onset of total internal reflection.

The existence of this rainbow is confirmed by Fig. 4. It
shows the photo of a circular container filled with water,
with a small incandescent lamp placed inside (compare it to
the simulation in Fig. 2). The illuminated areas outside the
container are the points from where one can see the lamp
(or goldfish), and the darker regions correspond to the blind
zone. The rainbow is easily noted at the sharp boundary be-
tween the illuminated and dark zones. The somewhat diffuse
limit at the other side of the blind zone is associated with total
internal reflection. A closer view of the rainbow is shown in
Fig. 5 and reveals the expected color separation due to disper-
sion.

In summary, we have shown that a goldfish becomes invis-
ible in its fishbowl not only because of total internal reflec-
tion, but also because of a rainbow. Depending on where
we are looking from, we only see the fish after we cross the
rainbow.
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