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PREFACE

This text was developed as part of a course on Spin and Quantum Measurement at
Oregon State University. The course is part of the Paradigms in Physics project, which
entailed a reform of the junior level physics curriculum. The Spin and Quantum
Measurement course is an introduction to quantum mechanics through the analysis of
sequential Stern-Gerlach spin measurements. The approach and material are based upon
previous presentations of spin systems by Feynman, Sakurai, Cohen-Tannoudji, and
Townsend. The postulates of quantum mechanics are illustrated through their
manifestation in the simple spin 1/2 Stern-Gerlach experiments. The organization of the
postulates follows the presentation of Cohen-Tannoudji. The table below lists the
postulates briefly and their manifestation in the spin 1/2 system as presented in the course.

Postulates of Quantum Mechanics Spin 1/2 manifestation
1) State defined by ket [+), |-)

2) Operators, observables S,S,H

3) Measure eigenvalues /2

4)  Probability (+w)f

5) State reduction W) - |+)

6) Schrodinger equation evolution Larmor precession

The specific examples covered are: sequential Stern-Gerlach measurements of spin
1/2 and spin 1 systems, spin precession in a magnetic field, spin resonance in an oscillating
magnetic field, neutrino oscillations, and the EPR experiment. The tools of Dirac notation
and matrix notation are used throughout the course. General two- and three-state quantum
mechanical systems are also covered as simple extensions of the spin systems.

The Stern-Gerlach experiments are discussed in class and are performed by the
students using a software program that simulates the experiments on spin 1/2 and spin 1
systems (also SU(3) for those ambitious enough!). The program permits the students to
study any configuration of sequential Stern-Gerlach measurements, interferometers, spin
precession in a magnetic field, and which path (Welcher Weg) detection to destroy
interference. The program provides the student with unknown quantum states that he must
determine through experiment. The program is available on the web at
http://www.physics.orst.edu/~mcintyre/ph425/spins/.

The aim of the text is twofold: (1) To give the students an immersion into the
guantum spookiness of quantum mechanics by focusing on simple measurements that
have no classical explanation, and (2) To give the students experience witbctienics
of quantum mechanics in the form of Dirac and matrix notation. Since these two goals are
so at odds with classical mechanics, the simplicity of the spin 1/2 system allows the
students to focus on these new features instead of the complexity of the problem at hand.
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1.1 Introduction

Quantum mechanics is based upon a set of postulates that dictates how to treat a
guantum mechanical system mathematically and how to interpret the mathematics to
learn about the physical system in question. These postulates cannot be proven, but they
have been successfully tested by many experiments, and so we accept them as an
accurate way to describe guantum mechanical systems. New results could force us to
reevaluate these postulates at some later time. The postulates are listed below to give you
an idea where we are headed and a framework into which you can place the new concepts
as we confront them.

Postulates of Quantum Mechanics
1. The state of a quantum mechanical system is described mathematically by
a normalized kefy) that contains all the information we can know about
the system.
2. A physical observable is described mathematically by an opeXkatwat
acts on kets.

3. The only possible result of a measurement of an observable is one of the
eigenvalues,, of the corresponding operatar
4. The probability of obtaining the eigenvalag in a measurement of the
observableA on the system in the stdtg) is
2
P(an) = (| W),
where|a,) is the normalized eigenvector Afcorresponding to the
eigenvalue,,
5. After a measurement & that yields the resui,, the quantum system is

in a new state that is the normalized projection of the original system ket
onto the ket (or kets) corresponding to the result of the measurement:

Ralw)

W)= =
VW[R W)
6. The time evolution of a quantum system is determined by the Hamiltonian

or total energy operatdi(t) through the Schroédinger equation
. d
i W) = HOw().
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As you read these postulates for the first time, you will undoubtedly encounter
new terms and concepts. Rather than explain them all here, the plan of this text is to
explain them through their manifestation in one of the simplest yet most instructive
examples in quantum mechanics — the Stern-Gerlach spin 1/2 experiment. We choose
this example because it is inherently quantum mechanical and forces us to break away
from reliance on classical intuition or concepts. Moreover, this simple example is a
paradigm for many other quantum mechanical systems. By studying it in detail, we can
appreciate much of the richness of quantum mechanics.

1.2  Stern-Gerlach experiment

The Stern-Gerlach experiment is a conceptually simple experiment that
demonstrates many basic principles of quantum mechanics. Studying this example has
two primary benefits: (1) It demonstrates how quantum mechanics works in principle by
illustrating the postulates of quantum mechanics, and (2) It demonstrates how quantum
mechanics works in practice through the use of Dirac notation and matrix mechanics to
solve problems. By using an extremely simple example, we can focus on the principles
and the new mathematics, rather than having the complexity of the physics obscure these
new aspects.

In 1922 Otto Stern and Walter Gerlach performed a seminal experiment in the
history of quantum mechanics. In its simplest form, the experiment consists of an oven
that produces a beam of neutral atoms, a region of inhomogeneous magnetic field, and a
detector for the atoms, as depicted in Fig. 1.1. Stern and Gerlach used a beam of silver
atoms and found that the beam was split into two in its passage through the magnetic
field. One beam was deflected upwards and one downwards in relation to the direction of
the magnetic field gradient.

To understand why this result is so at odds with our classical expectations, we

4
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Figure 1.1 Stern-Gerlach experiment to measure spin projection of neutral
particles along the z-axis. The magnetic cross-section at right shows the
inhomogeneous field used in the experiment.
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Chap. 1 Stern-Gerlach Experiments 3

must first analyze the experiment classically. The results of the experiment suggest an
interaction between a neutral particle and a magnetic field. We expect such an
interaction if the particle possesses a magnetic momeiihe energy of this interaction

is given by E = —p«B, which results in a forcé =0 B). In the Stern-Gerlach
experiment, the magnetic field gradient is primarily in the z-direction, and the resulting
z—component of the force is

0
F, =&(|‘l' B)

0B,

0z

This force is perpendicular to the direction of motion and deflects the beam in proportion

to the magnitude of the magnetic moment in the direction of the magnetic field gradient.
Now consider how to understand the origin of the atom's magnetic moment from

a classical viewpoint. The atom consists of charged particles, which, if in motion, can

produce loops of current that give rise to magnetic moments. A loop ofAaaea

currentl produces a magnetic moment

(1.1)
tu ,

1A
H=— (1.2)
o
in cgs units. If this loop of current arises from a chaygg@veling at speedin a circle

of radiusr, then

C 21w /v

_Qgrv
= av , 1.3
o (1.3)

-9

2me

whereL =mrvis the orbital angular momentum of the particle. In the same way that the
earth revolves around the sun and rotates around its own axis, we can also imagine a
charged particle in an atom having orbital angular momemhtwand intrinsic rotational
angular momentum, which we c&@l The intrinsic angular momentum also creates
current loops, so we expect a similar relation between the magnetic mpraedtS.

The exact calculation involves an integral over the charge distribution, which we will not
do. We simply assume that we can relate the magnetic moment to the intrinsic angular
momentum in the same fashion as Eq. (1.3), giving

-~ 9
=g—S, 1.4
H=07 (1.4)
where thegyroscopic ratiog contains the details of that integral.
A silver atom has 47 electrons, 47 protons, and 60 or 62 neutrons (for the most
common isotopes). Since the magnetic moments depend on the inverse of the particle

12/19/02



4 Chap. 1 Stern-Gerlach Experiments

mass, we expect the heavy protons and neutre8F0m,) to have little effect on the
magnetic moment of the atom and so we neglect them. From your study of the periodic
table in chemistry, you recall that silver has an electronic configuration
1572572p%3523p%45?3d %4p®4d!%s, which means that there is only the loreedectron
outside of the closed shells. The electrons in the closed shells can be represented by a
spherically symmetric cloud with no orbital or intrinsic angular momentum
(unfortunately we are injecting some quantum mechanical knowledge of atomic physics
into this classical discussion). That leaves the Ianeléctron as a contributor to the
magnetic moment of the atom as a whole. An electron gstate has no orbital angular
momentum, but it does have intrinsic angular momentum, which wepgall Hence the
magnetic moment of this electron, and therefore of the entire neutral silver atom, is

h= _is’ (1.5)
2mgC
wheree is the magnitude of the electron charge. The classical force on the atom can now
be written as

o -9 g% (1.6)
2mc ~ 0z

The deflection of the beam in the Stern-Gerlach experiment is thus a measure of the
component or projectiof, of the spin along the z-axis, which is the orientation of the
magnetic field gradient.

If we assume that each electron has the same magifuafehe intrinsic angular
momentum or spin, then classically we would write the projectioB, ag3cos8, where
0 is the angle between the z-axis and the direction of the $pimn the thermal
environment of the oven, we expect a random distribution of spin directions and hence all
possible angle®. Thus we expect some continuous distribution (the details are not
important) of spin projections fror, = -9 to S, = HY, which would yield a continuous
spread in deflections of the silver atomic beam. Rather, the experimental result is that
there are only two deflections, indicating that there are only two possible values of the
spin projection of the electron. The magnitudes of these deflections are consistent with
values of the spin projection of

_h
S =t7, (1.7)

where 7 is Planck's constatitdivided by Ztand has the numerical value
h =1.0546 x10 %' erg [
=6.5821x10 eV [3

This result of the Stern-Gerlach experiment is evidence ofjtlentization of the
electron’'s spin angular momentum projection along an axis. This quantization is at odds
with our classical expectations for this measurement. The factor of 1/2 in Eq. (1.7) leads
us to refer to this asspin 1/2system. In this example, we have chosen the z-axis along

(1.8)
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Chap. 1 Stern-Gerlach Experiments 5

which to measure the spin projection, but we could have chosen any other axis and would
have obtained the same results.

Now that we know the fine details of the Stern-Gerlach experiment, we simplify
the experiment for the rest of our discussions by focusing on the essential features. A
simplified schematic representation of the experiment is shown in Fig. 1.2, which depicts
an oven that produces the beam of atoms, a Stern-Gerlach device with two output ports
for the two possible values of the spin projection, and two counters to detect the atoms
leaving the output ports of the Stern-Gerlach device. The Stern-Gerlach device is labeled
with the axis along which the magnetic field is oriented. The up and down arrows
indicate the two possible measurement results for the device; they correspond
respectively to the resultS, = £7/2 in the case where the field is oriented along the
z—axis. Since there are only two possible results in this case, they are generally referred
to simply asspin up andspin down. The physical quantity that is measurgdin this
case, is called aobservable In our detailed discussion of the experiment above, we
chose the field gradient in such a manner that the spin up states were deflected upwards.
In this new simplification, the deflection is not an important issue. We simply label the
output port with the desired state and count the particles leaving that port.

In Fig. 1.2, the output beams have also been labeled with a new symbol called a
ket. We use the kef+) as a mathematical representation of the quantum state of the
atoms that exit the upper port correspondingsfe +7/2. The lower output beam is
labeled with the ket-), which corresponds t&, = -7#/2. According to postulate 1,
which is repeated below, these kets contain all the information that we can know about
the system. Since there are only two possible results of the measurement, there are only
two kets for this system (we are ignoring the position and velocity of the atoms in the
beam). This ket notation was developed by P. A. M. Dirac and is central to the approach
to quantum mechanics that we will take in this text. We will discuss the mathematics of
these kets in full detail later. For now, it is sufficient for us to consider the ket as simply
labeling the quantum state. With regard to notation, you will find many different ways of
writing the |+) kets (+) refers to both thé+) and|-) kets). The information contained
within the ket symbol is used merely to label the ket and to distinguish the ket from other
different kets. For example, the kéts), [+7/2), |S, = +1r/2), [+2), and ‘T> are all

equivalent ways of writing the same thing, and they all behave the same mathematically.

[+C)
50

50

Figure 1.2 Simplified schematic of Stern-Gerlach experiment, depicting source of atoms,
Stern-Gerlach analyzer, and counters.
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6 Chap. 1 Stern-Gerlach Experiments

Postulate 1

The state of a quantum mechanical system is described mathematically
by a normalized ke|1Lp> that contains all the information we can know
about the system.

We have chosen the particular simplified schematic representation of Stern-
Gerlach experiments shown in Fig. 1.2 because it is the same representation used in the
SPINS software program that you may use to simulate these experiments. The SPINS
program allows you to perform all the experiments described in this text. In the program,
the components are simply connected together to represent the paths the atoms take. The
directions and deflections of the beams in the program are not relevant, and so we follow
that lead in our depiction of the experiment hereafter. That is, whether the spin up output
beam is drawn as deflected upwards, or downwards, or not all is not relevant. The
labeling on the output port is enough to tell us what that state is. Thus the extra ket label
|+) on the spin up output beam in Fig. 1.2 is redundant and will be dropped soon.

The SPINS program permits alignment of Stern-Gerlach analyzing devices along
all three axes and also at any anglmeasured from the x-axis in the x-y plane. This
would appear to be difficult, if not impossible, given that the atomic beam in Fig. 1.1 is
directed along the y-axis, making it unclear how to align the magnet in the y-direction
and measure a deflection. In our depiction and discussion of Stern-Gerlach experiments,
we ignore this technical complication.

In the SPINS program, as in real Stern-Gerlach experiments, the numbers of
atoms detected in particular states are determined by probability rules that we will discuss
later. To simplify our schematic depictions of Stern-Gerlach experiments, the numbers
shown for detected atoms are obtained by simply using the calculated probabilities
without any regard to possible statistical uncertainties. That is, if the probabilities of two
possibilities are each 50%, then our schematics will display equal numbers for those two
possibilities, whereas in a real experiment, statistical uncertainties might yield a
55%/45% split in one experiment and a 47%/53% split in another, etc. In your SPINS
program simulations, you will note these statistical uncertainties and so will need to
perform enough experiments to convince yourself that you have a sufficiently good
estimate of the probability (see Appendix A for more information on statistics).

Now consider a series of simple Stern-Gerlach experiments with slight variations
that help to illustrate the main features of quantum mechanics. We first describe the
experiments and their results and draw some qualitative conclusions about the nature of
guantum mechanics. Then we introduce the formal mathematics of the ket notation and
show how it can be used to predict the results of each of the experiments.

1.2.1 Experiment 1

The first experiment is shown in Fig. 1.3 and consists of a source of atoms, two
Stern-Gerlach devices both aligned along the z-axis, and counters for some of the output
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Chap. 1 Stern-Gerlach Experiments 7

Figure 1.3 Experiment 1 measures the spin projection along the z-axis twice in succession.

ports of the analyzers. The atomic beam coming intoti8tern-Gerlach device is split

into two beams at the output, just like the original experiment. Now instead of counting
the atoms in the upper output beam, the spin projection is measured again by directing
those atoms into the"2Stern-Gerlach device. The result of this experiment is that no
atoms are ever detected coming out of the lower output port of"tHetén-Gerlach
device. All atoms that are output from the upper port of théevice also pass through

the upper port of the"2device. Thus we say that when tifeStern-Gerlach device
measures an atom to ha@ = +#/2, then the 2 device also measure§ = +#/2 for

that atom.

Though both devices are identical, th& device is often referred to as the
polarizer and the 2 one as thanalyzer, since the %one "polarizes" the beam along the
z-axis and the second one "analyzes" the resultant beam. This is analogous to what can
happen with optical polarizers. Some also refer to tranalyzer as atate preparation
device since it prepares the quantum state that is then measured with the analyzer. By
preparing the state in this manner, the details of the source of atoms can be ignored. Thus
our main focus in Experiment 1 is what happens at the analyzer, since we know that any
atom entering the analyzer is described by|#)eket prepared by the polarizer. All the
experiments we will describe employ a polarizer to prepare the state, though the SPINS
program has a feature where the state of the atoms coming from the oven is determined
but unknown and the user can perform experiments to figure out the unknown state.

1.2.2 Experiment 2

The second experiment is shown in Fig. 1.4 and is identical to Experiment 1
except that the analyzer has been rotated by 90° to be aligned with the x-axis. Now the
analyzer measures the spin projection along the x-axis rather the z-axis. Atoms input to
the analyzer are still described by the jetsince the polarizer is unchanged. The result
of this experiment is that atoms appear at both possible output ports of the analyzer.
Atoms leaving the upper port of the analyzer have been measured t§haveé/2 and
atoms leaving the lower port ha® = —-7/2. On average, each of these ports has 50%
of the atoms that left the upper port of the analyzer. As shown in Fig. 1.4, the output

12/19/02



8 Chap. 1 Stern-Gerlach Experiments

Figure 1.4 Experiment 2 measures the spin projection along the z-axis and then along the x-axis.

states of the 2 analyzer have new labels), and|-),, where the x subscript denotes

that the spin projection has been measured along the x-axis. We assume that if no
subscript is present on the quantum ket, then the spin projection is along the z-axis. This
use of the z—axis as the default is common throughout our work and also in much of
physics.

A few items are noteworthy about this experiment. First, we notice that there are
still only two possible outputs of the Stern-Gerlach analyzer. The fact that it is aligned
along a different axis doesn't affect the fact that we can only ever get two possible results
for the case of a spin 1/2 particles. Second, note that the results of this experiment would
be unchanged if we used the lower port of the polarizer. That is, atoms entering the
analyzer in stat¢—) would also result in half the atoms in each of [thgoutput ports.
Finally, note that we cannot predict which of the analyzer output ports any particular
atom will come out. This can be demonstrated experimentally by recording the counts
out of each port. The arrival sequences at any counter are completely random. We can
only say that there is a 50% probability that an atom from the polarizer will exit the upper
analyzer port and a 50% probability that it will exit the lower port. The random arrival of
atoms at the detectors can be seen clearly in the SPINS program simulations.

This probabilistic nature is at the heart of quantum mechanics. One might be
tempted to say that we just don't know enough about the system to predict which port the
atom will be registered in. That is to say, there may be some other variables, of which we
are ignorant, that would allow us to predict the results. Such a viewpoint is know as a
hidden variable theory, and such theories have been proven to be incompatible with
guantum mechanics. John Bell proved that such a quantum mechanical system cannot be
described by a hidden variable theory, which amounts to saying that the system cannot
have things we don't know about. It is a pretty powerful statement to be able to say that
there are not things that we cannot know about a system. The conclusion to draw from
this is that even though gquantum mechanics is a probabilistic theory, it is a complete
description of reality. We will have more to say about this later.

Note that the 50% probability referred to above is the probability that an atom
input to the analyzer exits one particular output port. It is not the probability for an atom

12/19/02



Chap. 1 Stern-Gerlach Experiments 9

to pass through the whole system of Stern-Gerlach devices. Later we will have occasion
to ask about such a probability and then we will say so. Note also that the results of this
experiment (the 50/50 split at the analyzer) would be the same for any combination of
two orthogonal axes of the polarizer and analyzer.

1.2.3 Experiment 3

Now consider Experiment 3, shown in Fig. 1.5, which extends Experiment 2 by
adding a third Stern-Gerlach device aligned along the z-axis. (In this case, we refer to
each device as an analyzer and label them first, second, or third.) Atoms entering the
new third analyzer have been measured by the first Stern-Gerlach analyzer to have spin
projection up along the z-axis, and by the second analyzer to have spin projection up
along the x-axis. The third analyzer then measures how many atoms have spin projection
up or down along the z-axis. Classically, one would expect that the final measurement
would yield the result spin up along the z-axis, since that was measured at the first
analyzer. That is to say: classically the first 2 analyzers tell us that the atoms have
S =+n/2 and S = +//2, so the third measurement must yiell= +7/2. But that
doesn't happen. The quantum mechanical result is that the atoms are split with 50%
probability into each output port at the third analyzer. Thus the last two analyzers behave
like the two analyzers of Experiment 2 (except with the order reversed), and the fact that
there was an initial measurement that yiel@&er +7/2 is somehow forgotten or erased.

This result demonstrates another key feature of gquantum mechanics: the
measurement perturbs the system. One might ask: Can | be more clever in designing the
experiment such that | don't perturb the system? The short answer is no. There is a
fundamental incompatibility in trying to measure the spin projection of the atom along
two different directions. So we say tifgtandS, areincompatible observables We
cannot know the values of both simultaneously. The state of the system can be described
by the ket|+) =|S, = +1/2) or by the ket+), =|S, = +/2), but it cannot be described
by a ket|S, = +7/2,S = +h/2) that specifies values of both projections. Having said
this, it should be noted that not all pairs of quantum mechanical observables are
incompatible. It is possible to do some experiments without perturbing some other
aspects of the system. And we will see later that whether two observables are compatible

|+00 125
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Figure 1.5 Experiment 3 measures the spin projection three times in succession.
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10 Chap. 1 Stern-Gerlach Experiments

or not is very important in how we analyze a quantum mechanical system.

Not being able to measure both tBeandS, spin projections is clearly distinct
from the classical case whereby we can measure all three components of the spin vector,
which tells us which direction the spin is pointing. In quantum mechanics, we cannot
know which direction the spin is pointing. So when we say the spin is up, we really mean
only that the spin projection along that one axis is up (vs. down). The spin is not really
pointing in any given direction. This is an example of where you must check your
classical intuition at the door.

1.2.4 Experiment 4

Experiment 4 is depicted in Fig. 1.6 and is a slight variation on Experiment 3.
Before we get into the details, note a few changes in the schematic drawings. As
promised, we have dropped the ket labels on the beams since they are redundant. We
have deleted the counters on all but the last analyzer and instead simply block the
unwanted beams and give the average number of atoms passing from one analyzer to the
next. Note also that in Experiment 4c two output beams are combined as input to the
following analyzer. This is simple in principle and in the SPINS program, but can be
difficult in practice. The recombination of the beams must be done properly so as to

(AL 100 50 25
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Figure 1.6. Experiment 4 measures the spin projection three times in succession and uses
one (a and b) or two beams (c) from the middle analyzer.
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avoid "disturbing” the beams. |If you care to read more about this problem, see
Feynman's Lectures on Physics, volume 3. We will have more to say about the
"disturbance" later. For now we simply assume that the beams can be recombined in the
proper manner.

Experiment 4a is identical to Experiment 3. In Experiment 4b the upper beam of
the middle analyzer is blocked and the lower beam is sent to the third analyzer. In
Experiment 4c, both beams are combined with our new method and sent to the third
analyzer. It should be clear from our previous experiments that Experiment 4b has the
same results as Experiment 4a. We now ask what the results of Experiment 4c are. If we
were to use classical probability analysis, then Experiment 4a would indicate that the
probability for an atom leaving the first analyzer to take the upper path through the
second analyzer and then exit through the upper port of the third analyzer is 25%, where
we are now referring to the total probability for those two steps. Likewise,
Experiment 4b would indicate that the probability to take the lower path through the
second analyzer and exit through the upper port of the third analyzer is also 25%. Hence
the total probability to exit from the upper port of the third analyzer when both paths are
available, which is simply Experiment 4c, would be 50%, and likewise for the exit from
the lower port.

However, the quantum mechanical result in Experiment 4c is that all the atoms
exit the upper port of the third analyzer and none exits the lower port. The atoms now
appear to "remember" that they were initially measured to have spin up along the z-axis.
By combining the two beams from the middle analyzer, we have avoided the quantum
mechanical perturbation that was evident in Experiment 3. The result is now the same as
Experiment 1, which means it is as if the middle analyzer is not there.

To see how odd this is, look carefully at what happens at the lower port of the
third analyzer. In this discussion, we refer to percentages of atoms leaving the first
analyzer, since that analyzer is the same in all three experiments. In Experiments 4a and
4b, 50% of the atoms are blocked after the middle analyzer and 25% of the atoms exit the
lower port of the third analyzer. In Experiment 4c, 100% of the atoms pass from the
second analyzer to the third analyzer, yet fewer atoms come out of the lower port. In
fact, no atoms make it through the lower port! So we have a situation where allowing
more ways or paths to reach a counter results in fewer counts. Classical probability
theory cannot explain this aspect of quantum mechanics.

However, you may already know of a way to explain this effect. Imagine a
procedure whereby combining two effects leads to cancellation rather than enhancement.
The concept of wave interference, especially in optics, comes to mind. In the Young's
double slit experiment, light waves pass through two narrow slits and create an
interference pattern on a distant screen, as shown in Fig. 1.7. Either slit by itself
produces a nearly uniform illumination of the screen, but the two slits combined
produced bright and dark fringes. We explain this by adding together the electric field
vectors of the light from the two slits, then squaring the resultant vector to find the light
intensity. We say that we add the amplitudes and then square the total amplitude to find
the resultant intensity.

12/19/02



12 Chap. 1 Stern-Gerlach Experiments

ANNA

Pinhole Double Screen Single Slit  Double Slit
Source Slit Patterns Pattern

Figure 1.7. Young's double slit interference experiment.

We follow a similar prescription in quantum mechanics. We add together
amplitudes and then take the square to find the resultant probability. Before we do this,
we need to explain what we mean by an amplitude in quantum mechanics and how we
calculate it.

1.3  Quantum State Vectors

Postulate 1 stipulates that kets are to be used for a mathematical description of a
guantum mechanical system. These kets are abstract vectors that obey many of the rules
you know about ordinary spatial vectors. Hence they are often cplerttum state
vectors As we will show later, these vectors must employ complex numbers in order to
properly describe quantum mechanical systems. Quantum state vectors are part of a
vector space whose dimensionality is determined by the physics of the system at hand. In
the Stern-Gerlach example, the two possible results for a spin projection measurement
dictate that the vector space has only two dimensions. That makes this problem simple,
which is why we have chosen to study it. Since the quantum state vectors are abstract, it
is hard to say much about what they are, other than how they behave mathematically and
how they lead to physical predictions.

In the two-dimensional vector space of a spin 1/2 system, the twatkeitam a
basis, just like the unit vectoris j, and k form a basis for describing vectors in three
dimensional space. However, the analogy we want to make with these spatial vectors is
only mathematical, not physical. The spatial unit vectors have three important
mathematical properties that are characteristic of a basis: the basis vectors are
orthogonal, normalized, andcomplete (meaning any vector in the space can be written
as a linear superposition of the basis vectors). These properties of spatial basis vectors
can be summarized as follows:

12/19/02



Chap. 1 Stern-Gerlach Experiments 13

jei= ]- ]: ke k=1 normalization
i j: io k= ]- k= 0 orthogonality , (1.9)
A= axf + ay] + azlz completeness

where A is any vector.

Continuing the mathematical analogy between spatial vectors and abstract
vectors, we require that these same properties (at least conceptually) apply to quantum
mechanical basis vectors. The completeness of thelKetmplies that any quantum
state vectoty) can be written as a linear combination of the two basis kets:

(W) =a/+) +b ), (1.10)

wherea andb are complex scalar numbers multiplying each ket. This addition of two
kets yields another ket in the same abstract space. The complex scalar can appear either
before or after the ket without affecting the mathematical properties of the ket
(i.e., a+)=|+)a). Note that is customary to use the symipdior a generic quantum
state. You may have sedifx) used before as a wave function. However, the state
vector|qJ> is not a wave function. It has no spatial dependence as a wave function does.
To discuss orthogonality and normalization (known togethertasnormality )
we must first define scalar products as they apply to these new kets. As we said above,
the machinery of quantum mechanics requires the use of complex numbers. You may
have seen other fields of physics use complex numbers. For example, sinusoidal
oscillations can be described using the complex exponeﬂeﬂ‘i%\rather than cosit).
However, in such cases, the complex numbers are not required, but are rather a
convenience to make the mathematics easier. When using complex notation to describe
classical vectors like electric and magnetic fields, dot products are changed slightly such
that one of the vectors is complex conjugated. A similar approach is taken in quantum
mechanics. The analog to the complex conjugated vector in classical physics is called a
bra in the Dirac notation of quantum mechanics. Thus corresponding to thﬂ)kieta
bra, or bra vector, which is written &p|. The bra(y/| is defined as

(W|=a (+ +b"(, (1.11)

where the basis bras-| and (—| correspond to the basis kéts and|-), respectively,
and the coefficienta andb have been complex conjugated.

The scalar product in quantum mechanics is defined as the combination of a bra
and a ket, such ast|+), which as you would guess is equal to one since we want the
basis vectors to be normalized. Note that the bra and ket must occur in the proper order.
Hence bra and ket make bracket — physics humor. The scalar product is often also called
an inner product or a projection in quantum mechanics. Using this notation,
orthogonality is expressed &s|-)=0. Hence the properties of normalization,
orthogonality, and completeness can be expressed in the case of a two-state quantum
system as:
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14 Chap. 1 Stern-Gerlach Experiments

0 normalization

0 orthogonality . (1.12)

|LIJ> =a+)+b/-)  completeness

Note that a product of kets (e.gt)|+)) or a product of bras (e.g.+|(+|) is meaningless
in this new notation, while a product of a ket and a bra in the "wrong" order|{e(g)
has a meaning that we will define later. Equations (1.12) are sufficient to define how the
basis kets behave mathematically. Note that the inner product is defined using a bra and
a ket, though it is common to refer to the inner product of two kets, where it is understood
that one is converted to a bra first. The order does matter as we will see shortly.

Using this new notation, we can learn a little more about general quantum states
and derive some expressions that will be useful later. Consider the general state vector

|@) =a|+) +b-). Take the inner product of this ket with the brdand obtain
(+[w) =(+al+) +( bl 5
=a(+[+) +b(H 5, (1.13)
=a

using the property that scalars can be moved freely through bras or kets. Likewise, it can
be shown tha(—|L|J> =b. Hence the coefficients multiplying the basis kets are simply the
inner products or projections of the general stax)ealong each basis ket, albeit in an
abstract complex vector space, rather than the concrete three dimensional space of normal
vectors. Using these results, we can rewrite the general state as

hm=ﬁw%+ﬂﬂw—
(W) + = Hw)

where the rearrangement of the second equation again uses the property that scalars
(e.g.,<+|L|J>) can be moved through bras or kets.
For a general state vectbp} =a+) +b| - we defined the corresponding bra to
be (y|=a’(+| +b" (. Thus, the inner product of the state) with the basis ket+)
taken in the reverse order compared to Eq. (1.13) yields

(W|+) =(+Ha'[H +(4b|
=a (++) +b (4 4. (1.15)

*
=a

(1.14)

Thus we see that an inner product with the states reversed results in a complex
conjugation of the inner product:

(+lw) =(w|+)". (1.16)

This important property holds for any inner product.

12/19/02



Chap. 1 Stern-Gerlach Experiments 15

Now we come to a new aspect of quantum vectors that differs from our use of
vectors in classical mechanics. The rules of quantum mechanics (postulate 1) require that
all state vectors describing a quantum system be normalized, not just the basis kets. This
is clearly different from ordinary spatial vectors, where the length or magnitude means
something. This new rule means that in the quantum mechanical state space only the
direction is important. If we apply this normalization requirement to the general state
|@), then we obtain

(wlw) ={a’ (+ +b"(J{al+) +b-} =1

Oa'a(+ + abi+y Dat i bbbt =1 w1
Daa bb 1
0 ja# b 1
or using the expressions for the coefficients obtained above,
2 2
(+Hw)” +[(-lw)” =1. (1.18)

Now comes the crucial element of quantum mechanics. We postulate that each
term in the sum of Eq. (1.18) is equal to gnebability that the quantum state described
by the ket|qJ> is measured to be in the corresponding basis state. Thus

2

P(+) =+ )
is the probability that the statep} is found to be in the stafe) when a measurement of
S, is made, meaning that the res8Jt= +7/2 is obtained. Likewise,

2
P(-) =|(-| W)
is the probability that the measurement yields the reSuit —7#/2. Since this simple
system has only two possible measurement results, the probabilities must add up to one,
which is why the rules of quantum mechanics require that state vectors be properly

normalized before they are used in any calculation of probabilities. This is an application
of the 4" postulate of quantum mechanics, which is repeated below.

(1.19)

(1.20)

Postulate 4
The probability of obtaining the eigenvalagin a measurement of the
observableA on the system in the stdtg) is

2
P(an) = (| W),
Where|an> is the eigenvector &k corresponding to the eigenvalag

This formulation of the A postulate uses some terms we have not defined yet. A simpler
version employing the terms we know at this point would read:
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16 Chap. 1 Stern-Gerlach Experiments

Postulate 4 (Spin 1/2 system)
The probability of obtaining the value?i/2 in a measurement of the
observables, on a system in the staft) is

2
P(£) =[(+ w)[",
where|z) is the basis ket &, corresponding to the resutti/2.

The inner pl’OdUCt<+|L|J> for example, is called therobability amplitude or
sometimes just themplitude. Note that the convention is to put the input or initial state
on the right and the output or final state on the Igftt|in), so one would read from
right to left in describing a problem. Since the probability involves the complex square
of the amplitude, andout|in) = (injout)", this convention is not critical for calculating
probabilities. Nonetheless, it is the accepted practice and is important in situations where
several amplitudes are combined.

Armed with these new gquantum mechanical rules and tools, we now return to
analyze the experiments discussed earlier.

1.3.1 Analysis of Experiment 1

In Experiment 1, the initial Stern-Gerlach analyzer prepared the system|ir) the
state and the second analyzer measured this state to always bé¢tindtate and never
in the |-) state. Our new tools would predict the results of these measurements as

P(+) =+ 4" =1

, (1.21)
P(-) =(-[+)]" =0

which agree with the experiment and are also consistent with the normalization and
orthogonality properties of the basis vectprsand|-).

1.3.2 Analysis of Experiment 2

In Experiment 2, the initial Stern-Gerlach analyzer prepared the system|ir) the
state and the second analyzer performed a measurement of the spin projection along the
x-axis, finding 50% probabilities for each of the two possible statgsand|-),. In this
case, we cannot predict the results of the measurements, since we do not yet have enough
information about how the states), and |-), behave mathematically. Rather, we can
use the results of the experiment to determine these states. Recalling that the
experimental results would be the same if the first analyzer prepared the system to be in
the |-) state, we have four results:

(1.22)
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Since the ketd+) and |-) form a basis, we know that the kets describing $he
measurement;+), and|-),, can be written in terms of them. The kets are referred to
as theS, basis, and allow us to write

ERLURLE
S =e) +d

where we wish to find the coefficientg b, ¢, andd. Combining these with the
experimental results (Eq. (1.22)), we obtain

|x<+|+>|2 =‘{a*<+| +b*<%|+>‘2 :%

=1 (1.24)

(1.23)

Likewise, one can show th#t?® =|cf® =|df? =2. Since each coefficient is complex, it

has an amplitude and phase. However, since the overall phase of a quantum state vector
is not physically meaningful (problem 1.2), we can choose one coefficient of each vector
to be real and positive without any loss of generality. This allows us to write the desired

states as
) = &[4 +€%15)

S =] ¥ 5]

Note that these are already normalized since we used all of the experimental results,
which reflect the fact that the probability for all possible results of an experiment must
sum to one.

The [+), kets also form a basis, tRgbasis, since they correspond to the distinct
results of a spin projection measurement. Thus we also must require that they are
orthogonal to each other, which leads to

1y =
A[<+|+e"ﬁ< [ &l +€=]=0
1 1+e(°‘_B)] =0 . (1.26)

(1.25)

@B =4

do = _giB
where the complex conjugation of the second coefficient of thebra should be noted.
At this point, we are free to choose the value of the phasece there is no more

information that can be used to constrain it. This freedom comes from the fact that we
have required only that the x-axis be perpendicular to the z-axis, which limits it only to a
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18 Chap. 1 Stern-Gerlach Experiments

plane rather than a single line. We follow convention here and choose thephlse
Thus we can express tBebasis kets in terms of tI® basis kets as

[+ =214+ -]
e =019 1]
We generally use thg, basis, but could use any basis we choose. If we were to use the

S basis, then we could write the) kets in terms of thét), kets. This can be done by
simply solving Egs. (1.27) for thet) kets, yielding

)= [ #¢ +19]
=)= 5[ 1]
In terms of the measurement performed in Experiment 2, these equations tells us
that the|+) state is a combination of the states, and|-),. The coefficients tell us that
there is a 50% probability for measuring the spin projection to be up along the x-axis, and

likewise for the down possibility, which is what was measured. A combination of states
is usually referred to assaiperposition state.

(1.27)

(1.28)

1.3.3 Superposition states

To understand the importance of a quantum mechanical superposition of states,
consider thg+), state found above. This state can be written in terms d8,thasis
states as

) =514+ (1.29)

If we measure the spin projection along the x-axis for this state, then we record only the
result S, = +n/2 (Experiment 1 with both analyzers along the x-axis). If we measure the
spin projection along the orthogonal z-axis, then we record the two r&uitan/2
with 50% probability each (Experiment 2 with the first and second analyzers along the
x— and z-axes, respectively). Based upon these results, one might be tempted to consider
the [+), state as describing a beam that contains a mixture of atoms with 50% of the
atoms in the+) state and 50% in the-) state.

Let's now carefully examine the results of experiments on this proposed mixture
beam. If we measure the spin projection along the z-axis, then each atonwinstate
yields the resultS, = +/2 with 100% certainty and each atom in the state yields the
result S, = -#/2 with 100% certainty. The net result is that 50% of the atoms yield
S, = +7r/2 and 50% yieldS, = -7/2. This is exactly the same result as that obtained with
all atoms in the+), state. If we instead measure the spin projection along the x-axis,
then each atom in thig-) state yields the two resultS, = +7/2 with 50% probability
each (Experiment 2 with the first and second analyzers along the z- and x-axes,
respectively). The atoms in the) state yield the same results. The net result is that
50% of the atoms yiel&, = +7/2 and 50% yieldS, = -#/2. This is in stark contrast to
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the results of Experiment 1, which tells us that once we have measured the state to be
|+),, then subsequent measurements y&lek +7/2 with certainty.

Hence we must conclude that the system described bj+hestate is not the
same as a mixture of atoms in the and|-) states. This means that each atom in the
beam is in a state that itself is a combination of|theand |-) states. A superposition
state is often called @herent superpositionsince the relative phase of the two terms is
important. For example, if the beam were in[thg, state, then there would be a relative
minus sign between the two coefficients, which would result ir§a -7/2
measurement but would not affect ieneasurement.

We will not have any further need to speak of mixtures, so any combination of
states is a superposition. Note that we cannot even write down a ket for the mixture case.
So, if someone gives you a quantum state written as a ket, then it must be a superposition
and not a mixture. The random option in the SPINS program produces a mixture, while
the unknown states are all superpositions.

1.4 Matrix notation

Up to this point we have defined kets mathematically in terms of their inner
products with other kets. Thus in the general case we can write a ket as

W)= (Hw)l+H) +H(Hw) -, (1.30)
or in a specific case, we can write
[+ = (CH AL H +H(H 9 9
=g+
In both of these cases, we have chosen to write the kets in terms|of #red |-) basis
kets. If we agree on that choice of basis as a convention, then we really only need to
specify the coefficients, and we can simply the notation by merely using those numbers.

Thus, we can represent a ket as a column vector containing the two coefficients
multiplying each basis ket. For example, we repregentas

(1.31)

= /20 (1.32)

0

where we have used the symbolo signify "is represented by", and it is understood that

we are using thet+) and|-) basis or the, basis. We cannot say that the ket equals the
column vector, since the ket is an abstract vector in the state space and the column vector
is just two complex numbers. We also need to have a convention for the ordering of the
amplitudes in the column vector. The standard convention is to put the spin up amplitude
first (at top). Thus the representation of fhg, state (Eq. (1.28)) is

VA (1.33)

=g

Using this convention, it should be clear that the basis kets themselves can be written as
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(1.34)
=) =

*

1
Hd 22
00T, OO0

This expression of a ket simply as the coefficients multiplying the basis kets is
referred to as aepresentation Since we have assumed Bebasis kets, this is called
the S, representation. It is always true that basis kets have the simple form shown in
Eqg. (1.34) when written in their own representation. A generdlpéeis written as

, )
H-|w)E

This use of matrices simplifies the mathematics of bras and kets. The advantage is not so
evident for the simple 2 dimensional state space of spin 1/2 systems, but is very evident
for larger dimensional problems. This notation is indispensable when using computers to

calculate quantum mechanical results. For example, the SPINS program employs matrix
notation to simulate the Stern-Gerlach experiments.

We saw earlier that the coefficients of a bra are the complex conjugates of the
coefficients of the corresponding ket. We also know that an inner product of a bra and a
ket yields a single complex number. In order for the matrix rules of multiplication to be
used, a bra must be represented by a row vector, with the entries being the coefficients
ordered in the same sense as for the ket. For example, if we use the general ket

W) (1.35)

W) =a|+) +b ), (1.36)
which can be represented as
. 8]
W) = g3 (1.37)
then the corresponding bra
(W]=a'(+/+b'( (1.38)

can be represented as a row vector as
(W= (@ v). (1.39)
The rules of matrix algebra can then be applied to find an inner product. For example,
wiw=(a" v)5H
= af’ +IbP

So a bra is represented by a row vector that is the complex conjugate and transpose of the
column vector representing the corresponding ket.

(1.40)
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To get some practice using this new matrix notation, and to learn some more
about the spin 1/2 system, consider Experiment 2 in the case where the second Stern-
Gerlach analyzer is aligned along the y-axis. We said before that the results will be the
same as in the case shown in Fig. 1.2. Thus we have

A+ =|y(+ 4 =3

RO =+ =4

SR (1.41)
Po(+) =|y(+ - =3
7)== =3

This allows us to determine the k¢is;y corresponding to spin projection up and down
along the y-axis. The argument and calculation proceeds exactly as it did earlier for the
|£), states up until the point where we arbitrarily choose the phasde zero. Having

done that for the+), states, we are no longer free to make that same choice far) the
states. Thus we can write the), states as

4y =519 +€%19] 24 HiaF
. (1.42)

ia . [
Sy =3[% -5 = & B g

To determine the phase, we can use some more information at our disposal.
Experiment 2 could be performed with the first Stern-Gerlach analyzer along the x-axis

and the second along the y-axis. Again the results would be identical (50% at each
output port), yielding

2
P(+) :‘y<+| +>X‘ =1 (1.43)
as one of the measured quantities. Now use matrix algebra to calculate this:
» ElN
W9 =HL ™) % Af
= %(1+e_'°‘)
2 s .
[y (+4),f” =3(1+e7) 4 (1+€%) (1.44)

1
2
%(1+e‘°‘ +e° +1)
1

> +cosa) =3

This result requires that aws= 0, or thata =+1/2. The two choices for the phase
correspond to the two possibilities for the direction of the y-axis relative to the already
determined x- and z-axes. The choece +17Y2 can be shown to correspond to a right
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handed coordinate system. Since that is the standard convention, we will choose that
phase. We thus represent t'ﬁﬁ?y kets as

i
alu

*% B8

Note that the imaginary components of these kets are required. They are not merely a
mathematical convenience as one sees in classical mechanics. In general quantum
mechanical state vectors have complex coefficients. But this does not imply any
complexity in the results of physical measurements, since we always have to calculate a

probability which involves a complex square, so all quantum mechanics predictions are
real.

o

(1.45)

1.5  General Quantum Systems

The machinery we have developed for spin 1/2 systems can be generalized to
other quantum systems. For example, if we have an obsedbét yields quantized
measurement resulésg for some finite range of, then we could generalize the schematic
depiction of a Stern-Gerlach measurement as shown in Fig. 1.8. The obsAriadisés
the measurement device and the possible results label the output ports. The basis kets
corresponding to the resulig are thenja,). The mathematical rules about kets can then
be written in this general case as

<a1- ‘a- > = O orthonormality
p) = Z(a,|qJ>|a,> completeness

We=(dy amplitude conjugation
o,
|r||j a
de @ a, |a,[]
a
[as[]

Figure 1.8 Generic depiction of quantum mechanical measurement of obsefvable

12/19/02



11

1.2

1.3

1.4

Chap. 1 Stern-Gerlach Experiments 23

Problems

Show that a change in the overall phase of a quantum state vector does not change
the probability of obtaining a particular result in a measurement. To do this,
consider how the probability is affected by changing the stqa)eto the state

ei6|ljJ>.

Consider a quantum system described by a t@$iga,), and|as). The system

is initially in a state
[ 2
) =gl + )

Find the probability that the system is measured to be in the final state
1+i

‘qu> :E|a1>+%|a2> +%|a3>.

Normalize the following state vectors:

a) W) =3+) +4-)
b) @) =]+ +2i] 5
c) ly) =34 —€™3

(Townsend 1.7) A beam of spin 1/2 particles is sent through a series of three
Stern-Gerlach (SG) measuring devices. The first SG device is aligned along the
z-axis and transmits particles wits, =#7/2 and blocks particles with

S, =-h/2. The second device is aligned along thdirection and transmits
particles withS, =7/ 2 and blocks particles witl, = -7/ 2, where the direction

n makes an angle in thex-z plane with respect to theaxis. Thus particles after
passage through this second device are in the state
|+), =co96/2)/+) +sin(6/2)|-). A third SG device is aligned along the z-axis
and transmits particles wits, = -/ 2 and blocks particles wit, =7/ 2.

a) What fraction of the particles transmitted through the first SG device will
survive the third measurement?

b) How must the anglé of the second SG device be oriented so as to maximize
the number of particles that are transmitted by the final SG device? What
fraction of the particles survive the third measurement for this valé@ of
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24 Chap. 1 Stern-Gerlach Experiments

c) What fraction of the particles survive the last measurement if the second SG
device is simply removed from the experiment?

15 Consider the three quantum states:

)= 14 42219

o) =14 -
Y4

|UJ3>:% |+) + %H

Use bra and ket notation (not matrix notation) to solve the following problems.
Note that(+|+) =1, (=|-) =1, and(+|-) =0.

a) For each of théy;) above, find the normalized vecty, ) that is orthogonal
to it.

b) Calculate the inner produc@li ‘L|Jj> foriandj =1, 2, 3.
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Chapter 2 OPERATORS AND MEASUREMENT

Up until now we have used the results of experiments, both the measured
guantities and their probabilities, to deduce mathematical descriptions of the spin 1/2
system in terms of the basis kets of the spin projection observables. For a complete
theory, we want to be able to predict the possible values of the measured quantities and
the probabilities of measuring them in any specific experiment. In order to do this, we
need to learn about the operators of quantum mechanics.

2.1  Operators

In quantum mechanics, physical observables are represented by mathematical
operators (postulate 2, repeated below) in the same sense that quantum states are
represented by mathematical vectors or kets (postulate 1). An operator is a mathematical
object that acts or operates on a ket and transforms it into a new ket, for example
Ay)=|g). However, there are special kets that are not changed by the operation of a
particular operator, aside from a multiplicative constant, which we saw before does not
change anything measurable about the state. An example of this woAld oe a|y).

Such kets are known @&sgenvectorsof the operatoA and the multiplicative constants

are known as theigenvaluesof the operator. These are important because postulate 3
(repeated below) postulates that the only possible result of a measurement of a physical
observable is one of the eigenvalues of the corresponding operator.

Postulate 2
A physical observable is described mathematically by an op&ator
that acts on kets.

Postulate 3
The only possible result of a measurement of an observable is ope of
the eigenvalues, of the corresponding operatar

Given these postulates and the experimental results of Chap. 1, we can write the
eigenvalue equations for ti$e operator:

S+ =219
. (2.1)
Sl-) = _§| -)

which mean that-#/2 is the eigenvalue @, corresponding to the eigenvecte) and

-n/2 is the eigenvalue 0§, corresponding to the eigenvectpt). (Though it is
common in some texts, in this text we do not use different symbols for an observable and
its corresponding operator; it is generally obvious from the context which is being used.)
Equations (2.1) are sufficient to define how Seperator acts on kets. However, it is
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26 Chap. 2 Operators and Measurement

useful to use matrix notation to represent operators in the same way as we did earlier with
bras and kets. In order for Eqgs. (2.1) to be satisfied using matrix algebra, the dperator
must be represented byZax 2 matrix. The eigenvalue equations (Egs. (2.1)) provide
sufficient information to determine this matrix. Let the matrix representing the operator
S, have the form

. & bQ
S0 41 (2.2)
and write the eigenvalue equations in matrix form:
(A brrlo A0
& dfod” T2hb
(2.3)

m bodg  A0Q

& ot T2HH

where we are still using the convention that the kets are used as the basis for the
representation. It is crucial that the rows and columns of the operator matrix are ordered
in the same manner as used for the ket column vectors; anything else would amount to
nonsense. Multiplying these out yields

xR An N
HEH™ "2

tbo_ #0000
e " 2HH

(2.4)

which results in

(2.5)

Thus the matrix representation of the oper&as

.2 0 Qg
%=Ho —n2b

. nl 00
“ 2 -H

(2.6)

Note two important features of this matrix: (1) it only has diagonal elements and (2) the
diagonal elements are the eigenvalues of the operator, ordered in the same manner as the
corresponding eigenvectors. In this example, the basis used for the matrix representation
is that formed by the eigenvectors of the oper&orThat the matrix representation of

the operator in this case is a diagonal matrix is a necessary and general result of linear
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algebra that will prove valuable as we study quantum mechanics. In simple terms, we
can say that an operator is always diagonal in its own basis.

Now consider how matrix representation works in general. Consider a general
operatorA (still in the two-dimensional spin 1/2 system), which we represent by the
matrix

. @ bQ
AR ab

in theS, basis. The operation #fon the basis kdt+) yields
. @ blp rag

A9 = e B @9

The inner product of this new ket with the ke} results in

2.7)

A = O fa 29)

which serves to isolate one of the elements of the matrix. Hence an individual element
such ag+|Al+) is generally referred to aswatrix element  Similarly, all four elements
of the matrix representation Afcan be determined in this manner, with the final result

L DA (+1A4-0

H-1A+) (-1A-0
In a more general problem with more than 2 dimensions in the complex vector space, one
would write the matrix as

A (2.10)

A1 Az Az O
azg® Az Ao (2.11)
g§1 A?,z A:33 @
where
A =(ilA]) (2.12)

and the basis is assumed to be the states labgledth the subscripts andj labeling
the rows and columns respectively.

In the case of the operat8; above, we used the experimental results and the
eigenvalue equations to find the matrix representation of the operator. It is more
common to work the other way. That is, one is given the matrix representation of an
operator and is asked to find the possible results of a measurement of the corresponding
observable. According to thé postulate, the possible results are the eignevalues of the
operator, and the eigenvectors are the quantum states representing them. In the case of a
general operatoh in a two-state system, the eigenvalue equation would be
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Az)=ala), (2.13)

where we have labeled the eigenvalagand have labeled the eigenvectors with the
corresponding eigenvalues. In matrix notation, this equation is

DA A0
gy At B E:ZE (2149

wherec, ; andc, ; are the unknown coefficients of the eigenvectors. This matrix equation
yields the set of homogeneous equations

(Aﬂ )C.I.I +A1202| =0
(A21 )C.I.I +A2202| _O

This set of homogeneous equations will have solutions for the unkrgywasdc, ; only
if the determinant of the coefficients vanishes:

A g Ao
= 0. 216
Py - ‘ (2.16)

It is common notation to use the symbolfor the eigenvalues, in which case this
equation can be written as

(2.15)

det(A-Al) =0, (2.17)
wherel is the identity matrix

0
= % 1@' (2.18)

Equation (2.17) is known as tlsecular or characteristic equation. It is a second order
equation in the parametgrand the two roots are identified as the two eigenvalyasad
a, we are trying to find. Once those eigenvalues are found, they are individually
substituted back into Egs. (2.15), which are solved to find the coefficients of the
corresponding eigenvector.

As an example, assume that we know the matrix representation for the ofgrator
(e.g., from Problem 2.1) and we wish to find the eigenvalues and eigenvectors. The
general eigenvalue equation can be written as

S|w) =ANw) (2.19)
and the possible eigenvaluesre then found using the secular equation
det|S, —Al| =0. (2.20)

The matrix for the operatd, is
=i

gép O@ (2.21)
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which leads to the secular equation
2=
5 =0. (2.22)

Solving this equation yields

, (2.23)

which was to be expected, since we know that the only possible results of a measurement
of the spin projection along any axis até&/2. As before, we label the eigenvectors
|i>y. The eigenvalue equation for the positive eigenvalue can then written as

S+, = +g| 8, (2.24)

or in matrix notation as

-ifAg  AAO

o’ ohE i 229

where we must solve fa andb to determine the eigenvector. Multiplying through and
cancelling the common factor yields

0ribg g

a0 HB 229

This results in two equations, but they are not linearly independent. So to solve for both
coefficients, we recall that the ket must be normalized. Thus we have 2 equations to
solve:

b=ia
|a12 +|b|2 o (2.27)
Solving these yields
8 +iaf” =1
2 4 : (2.28)
al” =3
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Again we follow the convention of choosing the first coefficient to be real and positive,
resulting in

a=-L
ﬁl : (2.29)
b= i
Thus the eigenvector corresponding to the positive eigenvalue is
., dO
+)y =% BH (2.30)
Likewise, one can find the eigenvector for the negative eigenvalue to be
0lg
-y = L
=)y = BB (2.31)

This procedure of finding the eigenvalues and eigenvectors of a matrix is known
asdiagonalization of the matrix. However, we stop short of the mathematical exercise
of finding the matrix that transforms the original matrix to its diagonal form. In this case,
the §, matrix is not diagonal, while th®, matrix is diagonal, since we are using e
basis. It is common practice to use Béasis as the default basis, so you can assume
that is the case unless you are told otherwise.

2.1.1 Spin Projection in General Direction

We now know the eigenvalues and eigenvectors of each of the three operators
corresponding to the spin projections along the axes of a coordinate system. It is also
useful to discuss the operator for spin projection along a general dirégtiwhich is
specified by the polar and azimuthal andlead@ as shown in Fig. 2.1. The unit vector
can be written as

A =isinBcos@+jsin Bsin @+k cos @ (2.32)

v

Figure 2.1 General direction along which to measure spin projection.
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The spin projection along this direction is given by
S, =Sen

2.33
= §sinBcos@+ S, sin Bsin g+ S, cos 6 ( )

and has a matrix representation

. #0cosB sinBe'*O
= = _ ] 2.34
H Z%nee"" —cosB E ( )

Following the same diagonalization procedure used above f& thatrix, we find that
the eigenvalues @&, are £7/2 as we expect. The eigenvectors are

[+), = cos.) ) +sin_e¥ )
| (2.35)
-y =sin2|+) ~cos e 1
n 2 2

where we again use the convention of choosing the first coefficient to be real and
positive. It is important to point out that the)  eigenstate (or equivalently the)_
eigenstate) can be used to represent any possible ket in a spin 1/2 system, if one allows
for all possible angle®§<0<mand 0<@<2mn. We generally write the most general

state aS|L|J> =ad+) +b/-), wherea andb are complex. Requiring that the state be
normalized and using the freedom to choose the first coefficient real and positive reduces
this to

W) =[al]+) +/1-[af*€"? 5. (2.36)

If we change the parametrization |af to cos(6/2), we see thalt+)  is equivalent to the

most general stat|ep>. This correspondence between thg, eigenstate and the most
general state is only valid in a two-state system such as spin 1/2. In systems with more
dimensionality, it does not hold since more parameters are needed to specify the most
general state than are afforded by the angksde.

2.1.2 Hermitian Operators

So far we have only discussed how operators act upon kets. An operator acts on a
bra from the right side

(& =(w|A (2.37)

and the result is another bra. If the operataacting on the keth> yields the ket
|@) = AY), then the brg&| defined above is not the bra corresponding to theget
Rather the brécp| is found by defining a new operaté that obeys

(0= (WA (2.38)

This new operator is called théermitian adjoint of the operatoA. We can learn
something about such an operator by calculating its matrix elements
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(olB=(89
[(w[a]i8) = (B[A W] . (2.39)
(WlA"[B) = (BlA W)

which tells us that the matrix representing the Hermitian adjéihtis found by
transposing and complex conjugating the matrix represeAtinghis is consistent with
the definition of Hermitian adjoint used in matrix algebra.

An operatorA is said to bédermitian if it is equal to its Hermitian adjoinA™.
In quantum mechanics all operators that correspond to physical observables are
Hermitian. This is important in light of two features of Hermitian matrices.
(1) Hermitian matrices have real eigenvalues, which ensures that results of measurements
are always real. (2) The eigenvectors of a Hermitian matrix comprise a complete set of
basis states, which ensures that we can use the eigenvectors of any observable as a valid
basis.

2.1.3 Projection Operators

For this simple spin 1/2 system, we now know four operafrs3, S,, andS,.
Let's look for some other operators. Consider the |getwritten in terms of its
coefficients in theS, basis

W) =(+W)l+ + ()
=[+)(+Hw) +[H ). (2.40)
=[19(+ + [ ||lw)

The term in brackets is an operator since it acts on a ket to produce another ket. Since the
result is the same as the original ket, the operator must be the identity operator. This
relationship is often written as

[+ + A =1, (2.41)

and is generally known as tikempleteness relationor closure It expresses the fact

that the basis stat¢s) comprise a complete set of states, meaning any arbitrary ket can
be written in terms of them. Note that each piece of this new operator is a product of a
ket and a bra, but in the opposite order compared to the inner product defined earlier.
This new object is known as anter product. To make it obvious that such an object is

an operator, it is useful to express this new operator in matrix notation using standard
rules of matrix multiplication. Thus we get
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= %gl o)+g§o 1)
. 0o 0 0g
= + : 2.42

B oH b 1 (2.42)
. 0g

o 1
which makes it clear that this operator is the identity operator.

Now consider breaking this new operator into its constituent pieces, of which

there are only two in the spin 1/2 case. These operators arepraljection operators,
and for spin 1/2 are given by

[+ + ==

. 0O
P.=|+Y+| =
»=INH =R B
: (2.43)
P=l-H 5
b 1
In terms of these new operators the completeness relation can also be written as
P, +P =1 (2.44)

When a projection operator for a particular eigenstate acts on a{lﬂ}aﬁe produces a
new ket that is aligned along the eigenstate and has a magnitude equal to the amplitude
(including the phase) for the stdtp) to be in that eigenstate. For example,

Pw) = 1) Hw) =((Hw))+)
Pw) =|-)(-[w) =((Hw)-)
Note also that a projector acting on its own eigenstate results in the eigenstate, and a
projector acting on an orthogonal state results in zero:
Pl +) =[+)(H % = 4
P|+)=|=)(-[+ =0
Since the projection operator produces the probability amplitude, we expect that it must
be intimately tied to measurement in quantum mechanics.
We saw in Chap. 1 that the probability of a measurement is given by the square of

the inner product of initial and final states (postulate 4). Using our new projection
operators, we can rewrite the probability as

P(+) =[(+w)
(+w) (+|w) (2.47)
(W[+)(+w)

(WP W)

(2.45)

(2.46)

|2
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Thus we can say that the probability can be calculated as a matrix element of the

projection operator, using the input state and the projector corresponding to the result.
The other important aspect of quantum measurement that we learned in Chap. 1

was that the measurement perturbs the system. That is, if an inp|.||tp$tmeneasured

to haveS, = +#/2, then the output state is no Ionghﬂyr}, but is changed to+). We saw

above that the projection operator does this operation for us, with a multiplicative

constant of the probability amplitude. Thus if we divide by this amplitude, which is the

square root of the probability, then we can describe the abrupt change of the input state as

R
= ok

Where|Lp'> is the output state. This effect is described by the fifth postulate, which is
repeated below and is often referred to agptbgection postulate.

The projection postulate is at the heart of quantum measurement. This effect is
often referred to as theollapse(or reduction or projection) of the quantum state vector.
We do not attempt to explain the mechanism for this collapse. This effect has been the
source of much of the controversy surrounding quantum mechanics. It clearly states that
guantum measurements cannot be made without disturbing the system (except in the case
where the input state is the same as the output state), in sharp contrast to classical
measurements.  This collapse of the quantum state makes quantum mechanics
irreversible, again in contrast to classical mechanics. We will have more to say about the
collapse later.

(2.48)

Postulate 5

After a measurement éfthat yields the resudt,, the quantum system
is in a new state that is the normalized projection of the origina
system ket onto the ket (or kets) corresponding to the result of the
measurement:

Ralw)

V= TR

2.1.4 Analysis of Experiments 3 and 4

We can now return to Experiments 3 and 4 from Chap. 1 and analyze them with
these new tools. Recall that Experiment 3 is the same as Experiment 4a, and
Experiments 4a and 4b are similar in that they each use only one of the output ports of the
second Stern-Gerlach analyzer as input to the third. Figure 2.2 depicts these experiments
again, with Fig. 2.2(a) showing a hybrid experiment that is essentially Experiment 4a in
its upper half and Experiment 4b in its lower half, and Fig. 2.2(b) showing Experiment
4c. As before, it is useful here to discuss the probability that an atom leaving the first
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Figure 2.2 (a) Hybrid Experiment 4a and 4b, and (b) Experiment 4c.

analyzer in the+) state is detected in one of the counters connected to the output ports of
the third analyzer. Such a probability involves two measurement processes at the second
and third analyzers. The total probability is the product of the individual probabilities of
each measurement process.

For the hybrid experiment shown in Fig. 2.2(a), the probability of measuring an
atom at the top most counter is the probability of measuing +#/2 at the second

analyzer,|x<+|+>|2, times the probability of measuring = +7/2 at the third analyzer,
2 ..
(+]+),]", giving
2 2
Ponper () = [+ H)[ Tl H A (2.49)

Likewise the probability of measuring the atom to h&ye +#/2 and thenS, = -#/2 is

Prpper (= ‘ xﬁ {1 +>‘2, (2.50)

where we have written the product so as to be read from right to left as is the usual
practice with quantum mechanical amplitudes and probabilities. For atoms that take the
lower path from the second analyzer, the final probabilities are

Bower (+) = ‘<+| _>X‘2‘X<_| +>‘2 (2.51)

ower ‘ x‘ ‘x<_|+‘
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For Experiment 4c, shown in Fig. 2.2(b), we have a new situation at the second
analyzer. Both output ports are connected to the third analyzer, which means that the
probability of an atom from the first analyzer being input to the third analyzer is 100%.
So we need only calculate the probability of passage through the third analyzer. The
crucial step is determining the input state, for which we use the projection postulate.
Since both states are used, the relevant projection operator is the sum of the two
projection operators for each poR,, +P_,, where P, =[+)  (+| and P, =[-) (-]

Thus the state after the second analyzer is

(Pex * Pyl W)
(Wa[(Pex + Pyl W)
(P+x + P—x)| +>
VP + P )
In this simple example, the project®r, + P_, is equal to the identity operator since the
two states form a complete basis. This clearly simplifies the calculation, giving

|L|J2> =|+), but in order to illustrate our point let's only simplify the denominator (which
equals one), giving

XX<

|w2>:\/

. (2.52)

Wa) = ([ Fyu(H + D)) |
:|+>XX<+| +> + |_>xx<—| '5

Thus the beam entering the third analyzer can be viewed as a coherent superposition of
the eigenstates of the second analyzer. Now calculate the probability of measuring spin
up at the third analyzer:

P(+) =|(+ o)

(2.53)

5 (2.54)
=[x (H A+ (A D 4
The probability of measuring spin down at the third analyzer is similarly
2
P(=) =[(-[w
(-lu2) o5

et ERICEWEr i

In each case, the probability is a square of a sum of amplitudes, each amplitude being the
amplitude for a successive pair of measurements. For examp-Inthe amplitude
(=]4)(+ ) refers to the upper path that the initia} state takes as it is first measured

to be in the|+), state, and then measured to be in|thestate (read from right to left).

This amplitude is added to the amplitude for the lower path since the beams of the second
analyzer are combined, in the proper fashion, to create the input beam to the third
analyzer. When the sum of amplitudes is squared, four terms are obtained, two squares
and two cross terms, giving
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P) =~ (HA + (3 14
H 0 (H A (D (1
=), (A D

= Tpp (—)+7Fower(—)+interferenceterms

(2.56)

This tells us that the probability of detecting an atom to have spin down when both paths
are used is the sum of the probabilities for detecting a spin down atom when either the
upper path or the lower path is used alphes additional cross terms involving both
amplitudes, which are commonly called interference terms. It is these additional terms,
which are not positive definite, that allow the total probability to become zero in this
case, illustrating the phenomenon of interference.

This interference arises from the nature of the superposition of states that is input
to the third analyzer. To illustrate this, consider what happens if we change the
superposition to a mixture as we discussed previously (Sec. 1.3.3). Recall that a
superposition implies a beam with each atom in the same state, which is a combination of
states, while a mixture implies that the beam consists of atoms in separate states. As we
have described it so far, Experiment 4c involves a superposition as input to the third
analyzer. We can change this to a mixture by "watching" to see which of the two output
ports of the second analyzer each atom travels through. There are a variety of ways to
imagine doing this experimentally. The usual idea proposed is to illuminate the paths
with light and watch for the scattered light from the atoms. With proper design of the
optics, the light can be localized sufficiently to determine which path the atom takes.
Hence, such experiments are generally referred toVdsch Path" or "Welcher Wed'
experiments. Such experiments can be performed in SPINS by selecting the Watch
feature. Since we know which path the atom takes, the state is not the superhp§}tion
described above, but is eithier), or |-),, depending on which path produces the light
signal. To find the probability that atoms are detected at the spin down counter of the
third analyzer, we add the probabilities for atoms to follow the path. [+), —|-) to
the probability for other atoms to follow the path) - |-), —|-) since these are
independent events, giving

Ruatch (=) = (1) e (H AL+ (4 3l A A
= ¢l)Jpper(_) + Fower ()

in which no interference terms are present.

This again illustrates the important distinction between a coherent superposition
and a statistical mixture. In a coherent superposition, there is a definite relative phase
between the different states, which can give rise to interference effects that are dependent
on that phase. In a statistical mixture, the phase relationship between the states has been
destroyed and the interference is washed out. Now we can understand what it takes to
have the beams "properly" combined after the second analyzer of Experiment 4c. The
relative phases of the two paths must be preserved. Anything that randomizes the phase

(2.57)
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is equivalent to destroying the superposition and leaving only a statistical mixture. If the
beams are properly combined to leave the superposition intact, the results of Experiment
4c are the same as if no measurement was made at the second analyzer. So even though
we have used a measuring device in the middle of Experiment 4c, we generally say that
no measurement was made there. We can summarize our conclusions by saying that if no
measurement is made at the intermediate state, then we add amplitudes and then square to
find the probability, while if an intermediate measurement is performed (i.e., watching),
then we square the amplitudes first and then add to find the probability. One is the square
of a sum and the other is the sum of squares, and only the former exhibits interference.

2.2 Measurement

Consider now how the probabilistic nature of quantum mechanics affects the way
experiments are performed and compared with theory. In classical physics, a theoretical
prediction can be reliably compared to a single experimental result. For example, a
prediction of the range of a projectile can be tested by doing an experiment. The
experiment may be repeated several times in order to understand and possibly reduce any
systematic errors (e.g. wind) and measurement errors (e.g misreading tape measure). In
guantum mechanics, a single measurement is meaningless. If we measure an atom to
have spin up in a Stern-Gerlach analyzer, we cannot discern whether the original state
was|+) or |-), or any arbitrary stat{ap} (except|-)). Moreover, we cannot repeat the
measurement on the same atom, since the original measurement changed the state, per the
projection postulate.

Thus, one must, by necessity, perform identical measurements on identically
prepared systems. In the spin 1/2 example, an initial Stern-Gerlach analyzer is used to
prepare atoms in a particular stm@. Then a second Stern-Gerlach analyzer is used to
perform the same experiment on each identically prepared atom. Consider performing a
measurement db, on N identically prepared atoms. L&t be the number of times the
result +7/2 is recorded antll. be the number of times the restlt/2 is recorded. Since
there are only two possible results for each measurement, we musi keNg+ N..

The probability postulate (postulate 4) predicts that the probability of meastiji2gis

P(+) =+ v (2.58)

For a finite numbeN of atoms, we expect thhk, is only approximately equal t&(+)N
due to the statistical fluctuations inherent in a random process (see Appendix A). Only in
the limit of an infinite numbeN do we expect exact agreement:

N,
lim == = P(+) =[(+w)?. (2.59)

As with any data set, it is useful to characterize it in terms ofrteéan and
standard deviation. Quantum mechanics predicts a mean value given by the sum of the
products of each possible result and its probability:
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(8)=+2P(9) + 5P, (2.60)
which can be rewritten as
(s)=+2f 1wl +E2 g -lw)f
= +§<w| 4w +H-2 -4 w)
W3 5w (2:61)

=
= (W[[SI+)(+w) +S] - w)]
(WIS ]|+ + A lw)
=(W[s|w)

This is commonly called thexpectation value but it is not the expected value of any
single experiment, but rather the expected mean value of a large number of experiments.
It is not a time average, but rather an average over many identical experiments.

To see how this applies to our study of spin 1/2 systems, consider two examples.
First consider a system prepared in the gtete The expectation value & is given by

() = (+S]+)

(2.62)

Since +7/2 is the only possible result of a measuremerg,dbr this state, this must be
the expectation value. Next consider a system prepared in thetstatén this case the
expectation value is

(2.63)

Here the two possible resultsi/2 each have 50% probability, so the average result is
zero.
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In addition to the mean value, it is common to characterize a measurement by the
standard deviation, which quantifies the spread of measurements about the mean or
expectation value. By the way a mean is defined, the deviations from the mean are
equally distributed above and below the mean in such a way that the average of the
deviations is zero. Thus it is common to define the standard deviation as the square root
of the mean of the square of the deviations. By squaring the deviations, they can be
averaged meaningfully, and then the square root is taken to arrive back at a measure of
the "average" deviation. For a measurement of an obseathle standard deviation is
defined as

an= ((A=(R)), (2.64)

where the angle brackets signify average value as used in the definition of an expectation
value. This result is also often called thmot-mean-square deviation or r.m.s.
deviation. This expression can be simplified by expanding the square and performing
the averages, resulting in

=\/ A2) -2 WA +(A?, (2.65)

where one must be clear to distinguish between the square of the mean and the mean of
the square. While the mean of the square may not be a common experimental quantity, it
can be calculated using its definition

(A%) = (w[A7w). (2.66)

To gain experience with the standard deviation, return to the two examples used above.
To calculate the standard deviation, we first need to find the mean of the square of the
operatorS,. In the first case|t) initial state), we get

() =+

= (+2).

_ohef
(b0

(2.67)

This gives a standard deviation of
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f
a5 (2.68)

=0
which is to be expected since there is only one possible result, and hence no spread in the

results of the measurement, as shown in Fig. 2.3(a). In the second-ggseifial
state), we get

CHNEISIEN
1 Oon OpQ, OO
=5 1on bbb aAEHR
g(l 1)% P . (2.69)
of
O

of
5 -0 (2.70)

h
(5,55 [5,30

_h
2

Figure 2.3. Idealized measurements$fwith (a) |+) input state and (b) witht), input state.
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Again this makes sense since each measurement deviates from the mean (0) by the same
value of #/2, as shown in Fig. 2.3(b).

The standard deviatioAA represents the uncertainty in the results of an
experiment. In quantum mechanics, this uncertainty is fundamental, meaning that you
cannot design the experiment any better to improve the result. What we have calculated
then, is the minimum uncertainty allowed by quantum mechanics. Any actual uncertainty
may be larger due to experimental error. This is another ramification of the probabilistic
nature of quantum mechanics.

2.3 Commuting Observables

We saw in Experiment 2 that two incompatible observables could not be known
or measured simultaneously, since measurement of one somehow erased the knowledge
of the other. Let us now explore more about what it means for two observables to be
incompatible and how that affects the results of measurements. First we need to define a
new object called eommutator. The commutator of two operators is defined as
[A,B] = AB-BA. (2.71)

If the commutator is equal to zero, we say that the operators or obsec@biesite; if
it is not zero, we say they don't commute. Now consider what happens when two
operatorsA andB do commute:

[AB]=0
AB-BA=0 . (2.72)
AB = BA
Thus for commuting operators, the order of operation does not matter, whereas it does for
noncommuting operators. Now lgt) be an eigenstate of the operatowith eigenvalue
a
Ala)=4da). (2.73)

Operate on both sides of this equation with the opeBatord use the fact th&tandB
commute:

BAa) = Bala)
ABa)=aBa) . (2.74)

A(Bla)) = a(Bla))

The last equation says that the stBfe) is also an eigenstate of the operaowith the

same eigenvalua Assuming that each eigenvalue has a unique eigenstate (which is true
if there is no degeneracy, which we haven't discussed yet), theBsiatewust be some
scalar multiple of the state). If we call this multipleb, then we can write

Bla) = bla), (2.75)

which is just an eigenvalue equation for the operatofhus we must conclude that the
state|a) is also an eigenstate of the oper&pwith the eigenvalué. The assumption
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that the operatord andB commute has lead us to the result thandB have common
or simultaneous sets of eigenstates.

The ramifications of this result for experiments are very important. Recall that a
measurement of the observaBlgrojects the initial stat@)) onto an eigenstate &t
|a). A subsequent measurement of the obsenBlthen projects the input staf@) onto
an eigenstate dB. But since the eigenstates AfandB are the same, the second
measurement does not change the stgte Thus another measurementfofollowing
the measurement & yields the same result as the initial measuremeff a$ illustrated
in Fig. 2.4. We say that these two observables can be measured simultaneously, meaning
we can measure one observable without erasing our knowledge of the previous results of
the other observable. ObservabfeandB are said to be compatible.

Conversely, if two operators do not commute, then they are incompatible
observables, and cannot be measured simultaneously. This is what we saw in
Experiment 2 earlier. In that case, the two observablesSyenedS,. Let's take a look
at their commutator to show that they are not compatible:

Ogn@ 1g AP 1ga O0(Q

. R
1:51 = 50 fBH o 20k oarb -

. (hf@mO 1o [0 -1

"ol o H o (2.76)

. hefO0 20
- poH2 of
= i,

As expected, these two operators do not commute. None of the spin projection
observables commute with each other. The complete commutation relations are

[S.§]=irS,
[S,S]=inS,, (2.77)
[S,.S]=inS

which are written to make the cyclic relations clear.

@B

Figure 2.4. Successive measurements of commuting observables.
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2.4  Uncertainty Principle

Given this intimate connection between the commutator of two observables and
measurements of the two corresponding observables, it is useful and instructive to also
consider the product of uncertainties or standard deviations of the two observables. One
can show that this product is related to the commutator:

AAAB = L[ A, B]). (2.78)
This is what we call thancertainty principle of quantum mechanics. Consider what it

says about a simple Stern-Gerlach experiment. The uncertainty principle et
§ spin projections is

(seS)
ins)| . (2.79)
h

>21S)

If the initial state is|+), then a measurement & results in an expectation value
<SZ> =h/2 with an uncertaintyAS, = 0. The product of the other uncertainties in this
case is

ASAS, 23
1

=
>

ASAS, 2 %g (2.80)
or simply
ASAS, # 0, (2.81)
which implies that
AS %20
AS, %0 (2.82)

The conclusion to draw from this is that while we can know one spin projection
absolutely, we can never know all three, nor even two, simultaneously. This means that
the spin does not really point in a given direction, as a classical spin or angular
momentum does. So when we say that we have measured "spin up," we really mean only
that the spin projection along that axis is up, as opposed to down.

2.5 S? Operator

Another argument to illustrate that the spin does not point along the axis along
which you measure the projection is obtained by considering a new operator that
represents the magnitude of the spin vector but has no information about the direction. It
is common to use the square of the spin vector for this task. This new operator can be

written as
L=+ +, (2.83)
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and can be calculated in tBerepresentation as

@ = RPOP 100 10 [0 -igd —in (b Ol 0
"0 ot oH'H ol oHH -t -1
. oofd Og b 0g L O
"oy JHB HB H - (284
o 0O

Thus theS? operator is proportional to the identity operator, which means it must
commute with all the other operatd8s S, andS,. This also means that all states are
eigenstates of th®’ operator. Thus we can write

SHIMEEYEN) (2.85)

for any|y) in the spin 1/2 system.

To generalize this to other possible spin systems, we need to introduce new labels.
We use the labed to denote the spin of the system, such as spin 1/2, spin 1, spin 3/2. In
each of these cases, a measurement of a spin projection along any axis yields results
ranging from a maximum value & to a minimum value of-s#, in unit steps of the
value 7i. We denote the possible values of the spin projection along the z-axisthoy
integer or half-integer multiplying. A quantum state with specific valuessdndm is
denoted ass,m), yielding the eigenvalue equations

s, m) = (s +1)r%sm)
Sls,m) = mis,m)
The connection between this new notation and our previous spin 1/2 notation is
3:3)=1%)
[3-%)=1")
We will continue to use the previous notation. We will discuss the spin 1 case below.

For the case of spin 1/2, note that the expectation value of the oﬁrmor

(8%)=3n, (2.88)

, (2.86)

(2.87)

which would imply that the "length" of the spin vector is
Ve = ﬁg (2.89)

This is appreciably longer than the measured projectioty2f implying that the spin
vector can never be fully aligned along any axis.

The spin 1/2 system we have discussed up to this point is the simplest quantum
mechanical system. There are other two-level systems based upon other physical
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systems, but they are mathematically equivalent to the two-state spin 1/2 system we have
explored. The next simplest system is the spin 1 or three-level system.

2.6 Spin 1 System

The Stern-Gerlach experiment depicted in Fig. 1.1 can be performed on a variety
of atoms or particles. Such experiments always result in a finite number of discrete
beams exiting the analyzer magnet. For the case of three output beams, the deflections
are consistent with magnetic moments arising from spin angular momentum projections
of 7, 0, and-7%. These results imply that the spin projection quantum nunnbere 1,

0 and -1 and the spin quantum numéerl. This is what we call a spin 1 system. A
schematic diagram of the experiment is shown in Fig. 2.5. Using our notation from
above, the quantum state corresponding to the state with spin projécéilmmg the z-

axis is labeled

|s=1m=1) =[11). (2.90)
When dealing with a spin 1 system by itself, we will simply denote this stafB amce

the values is understood. Thus we are lead to the three eigenvalue equations for the
operators,

S =n1)
SJ0y=0 . (2.91)
$[-1) =71

As we did in the spin 1/2 case, we commonly choos&tibasis as the standard basis in
which to express operators and kets using matrix representation. We thus have

@@%" :

(]
&

Figure 2.5 Spin 1 Stern-Gerlach experiment.
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M 0 0O
sl':hEb 0 og, (2.92)
M 0 -10

where we again use the convention that the ordering of the rows and columns follows the
eigenvalues in descending order. The eigenvectors & th@erator are

0 00 00

1) = LoU |0y = Lh0 |-1) = Lol (2.93)
00 00 00
o0 o0l 0

The same four experiments performed on the spin 1/2 system can be performed
on a spin 1 system. Conceptually the results are the same. One important difference
occurs in experiment 2, where a measuremert,a$ first performed to prepare a
particular state, and then a subsequent measuremé&t(of S) is performed. Based
upon the results of the spin 1/2 experiment, one might expect each of the possible
projections to have 1/3 probability. Such is not the case. Rather one set of results is

, (2.94)

as illustrated in Fig. 2.6. This results can be used to determisg ¢igenstates in terms
of theS, basis:

D=5+ 510 +51
1 1

0), =11 =1 (2.95)
_1. 1 1

=D =5 =510 +5] D

Likewise, we can find th§, eigenstates:

1 [ 21

0y =510+ 510 -1

0y =51+ 751D (2.96)
LN T

=D, =5 =510 =51 D
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2.1.

2.2.

2.3.

2.4.

Chap. 2 Operators and Measurement

|10

[JE—E X

EEES

Figure 2.6. Experiment 2 in the spin 1 case.

Problems

Given the following information:

S}, = 7] %), Slt), = 7] 4),
R £, = 5[ i)

find the matrix representations §fandsS, in theS, basis.

Find the matrix representation®fin theS, basis, for spin 1/2. Diagonalize this
matrix to find the eigenvalues and the eigenvectors in this basis.

Calculate the commutators of the spin 1/2 oper&o8;, andS..

In part (1) of SPINS Lab #2, you measured the probabilities that each of the
unknown initial statesy;) (i = 1, 2, 3, 4) was measured to be in one of the six
spin eigenstategt), |+),, and |i>y. Using your measured values, deduce the
unknown initial states (write each of them using [thebasis). In each case, use
your result to calculate the theoretical values of the probabilities for each
projection measurement and compare with your experimental results. Discuss the
experiments you did to confirm your results i) and|Lp4>.
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Consider a three dimensional ket space. In the basis defined by three orthogonal
kets|1), |2), and|3), the operatoré andB are represented by

y 0 00 y, 0 00
A = Lo oU B0 O
o %2 g P 9 P
00 0 agll 0 b, 00O

where all the quantities are real.
a) Do the operatora andB commute?
b) Find the eigenvalues and normalized eigenvectors of both operators.

c) Assume the system is initially in the std®. Then the observable
corresponding to the operatBris measured. What are the possible results of
this measurement and the probabilities of each result? After this
measurement, the observable corresponding to the opérasomeasured.

What are the possible results of this measurement and the probabilities of each
result?

d) How are questions (a) and (c) above related?
(Townsend 3.17) A spin-1 particle is in the state
010

1
vy = L D0
L

a) What are the probabilities that a measuremers, ofill yield the values
n, 0, —h for this state? What iS,)?

b) What is<$<> for this state?SuggestionUse matrix mechanics to evaluate the
expectation value.

c) What is the probability that a measuremergafill yield the valuer for this
state?

In part (2) of SPINS Lab #3, you measured the spin projections of the unknown
(spin 1) initial state$y;) (i = 1, 2, 3, 4) onto the nine spin eigenstates along the
three axes. Using your measured values, deduce the unknown initial states.
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Chapter 3 SCHRODINGER TIME EVOLUTION

3.1  Schrédinger Equation

The 6" postulate of quantum mechanics says that the time evolution of a quantum
system is governed by the equation

- W) = HElW(). @)

where the operatdf corresponds to the total energy of the system and is called the
Hamiltonian operator of the system since it is derived from the classical Hamiltonian.
This equation is known as tiehroédinger equation

Postulate 6

The time evolution of a quantum system is determined by the

Hamiltonian or total energy operatd(t) through the Schrodinger
equation

. d _
i | W) = HOw(t).

The eigenstates of the Hamiltonian are called the energy eigenstates of the system
and the eigenvalues bf are the allowed energies of the quantum system. If we label the
allowed energies ds, then we can write the eigenvalue equation as

HIE) = E[E). (32

SinceH is an observable, it is an Hermitian operator and its eigenvectors form a complete
basis. Sincél is the only operator appearing in the Schrédinger equation, it would seem
reasonable (and will prove invaluable) to consider the energy eigenstates as the basis of
choice for expanding general state vectors:

W)= Gl&). (3.3)

For now assume that the Hamiltonian is time independent (we wil(Jdater).
Then the eigenvectors bf must themselves be time independent. Thus if a general state
|qJ> is to be time dependent, as the Schrdodinger equation implies, then the time
dependence must be in the expansion coefficentghich we write ag;(t). A general
time dependent state is then written as

w()) =Y G(O)&). (3.4)

Substitute this state into the Schrédinger equation (Eq. (3.1)) to get
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m%izq<t>|a>:qu<t>|E>

13 6} = S aE[E)

Each side of this equation is a sum over all the states of the system. To simplify this
equation, take the inner product of the ket on each side with tht#)E}()Et The

(3.5)

orthonormality conditior(Ej ‘E|> = §;; can then be used to collapse the sums:

(E \'hqu E)=(5[3 a(ElE)
ihz'—<Ej\E>=zq<t>E<Ej\E>

' : (3.6)
dei (t)
|h2—6 z
. dC-( )
This first-order differential equation can be written as
dc; (t) E.
e o (i 3.7
and solved to obtain
-iE;t/n
¢ (t)=¢;(0)e /", (3.8)

In this equation, we have denoted the initial condition;@, but will simply denote it
asc hereafter. This solution can be summarized by saying that if the initial state of a
system at timeé = 0 is given by

=Y GlE), (3.9)

then the time evolution of this state under the action of the time-independent Hamiltonian
H is given by

1)=3 ce™="E). (3.10)

So the time dependence of the original state vector is found by simply multiplying
each energy eigenstate coefficient by a phase factor dependent on that energy. Note that
the factorE/% is an angular frequency, so that the time dependence is of thesTtfm
that is common throughout many areas of physics. It is important to remember that one
must use the energy eigenstates in order to make this simple statement. This accounts for
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the importance of the Hamiltonian operator and the common practice of using the energy
eigenstates as the basis of choice.

A few simple examples can help to illustrate some of the important consequences
of this time evolution of the quantum mechanical state vector. First consider the simplest
possible situation where the system is initially in one particular energy eigenstate:

|p(0)) =|Ey), (3.11)

for example. The prescription for time evolution tells us that after some timaesystem
will be in the state

lw()) =e BV E). (3.12)

But this state differs from the original state only by a phase factor, which we have said
before does not affect any measurements. For example, if we measure an obAervable
then the probability of measuring an eigenvailuis given by

P(a)) =|(a (D))
— <aj e—iElt/h| El>

=|(a El>‘2

This probability is time-independent and is equal to the probability at the initial time.
Thus we conclude that there is no measureable time evolution for this state. Hence the
energy eigenstates are generally cadfedionary states If a system begins in an energy
eigenstate, then it will remain in that state.

Now consider the next simplest situation, wherein the initial state is a
superposition of two energy eigenstates:

2
\ (3.13)

(W(0)) =c|Ey) + )| By). (3.14)
In this case, time evolution takes the initial state to the later state
() = e BV + e Ey). (3.15)

A measurement of the system energy at the tim@uld yield the valuee; with a
probability
2
P(g) = K E1|llJ(t)>‘
: . 2
= ‘( E |[ole"E1t/ " Ey) + e E2>” (3.16)

= loyf”

which is independent of time. The same is true for the probability of measuring the
energyE,. Thus the probabilities of measuring the energies are stationary, as they were
in the first example.
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However, now consider what happens if another observable is measured on this
system in this superposition state. There are two distinct situations: (1) If the other
observabléd commutes with the Hamiltoniaf, thenA andH have common eigenstates.

In this case, measuring is equivalent to measurintg since the inner products used to
calculate the probabilities use the same eigenstates. AgndH do not commute, then

they do not share common eigenstates. In this case, the eigenstatés géneral

consist of superpositions of energy eigenstates. For example, suppose that the eigenstate
of A corresponding to the eigenvalagwere

|ay) = 0| By) +a,| Ey). (3.17)

Then the probability of measuring the eigenvalpyeould be

P(ay) =|(a|w (D))

[ % * —i —i 2
— _0(1<E1|+0(2<E2|][cle 'Elt/h|E1>+02e IEzt/h|E2>”

. B (3.18)
= | e /A +a;C26—|E2t/h‘

i(Ex—Eq)t/n

= |0y +0 20 ‘2
The differing phases of the two components}LpJQ‘t» lead to a time dependence in the
probability. Since only the relative phase is important in the probability calculation, the
time dependence is determined by the difference of the energies of the two states
involved in the superposition. The corresponding frequency
E,-E

h

Wy = (3.19)
is often called th&ohr frequency.

To summarize, we list below a recipe for solving a standard time-dependent
guantum mechanics problem with a time-independent Hamiltonian.

Given a Hamiltoniatd and an initial staté(0)), what is the
probability thata,, is measured at time

1. DiagonalizeH (find eigenvalueg; and eigenvector|sEi>)

Write |(0))in terms of energy eigenstates)
E
—ji—t
Multiply each eigenstate coefficient ley ” to get|(t))

4. Calculate probabilityP(a,) = ‘<an| L|J(t)>‘2
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3.2  Spin Precession

Now apply this new concept of Schrodinger time evolution to the case of a spin
1/2 system. The Hamiltonian represents the total energy of the system, but since only
energy differences are important in time dependent solutions (and since we can define the
zero of potential energy as we wish), we need only consider energy terms that
differentiate between the two possible spin states in the system. Our experience with the
Stern-Gerlach apparatus tells us that the potential energy of the magnetic dipole differs
for the two possible spin projection states. So to begin, we will consider the potential
energy of a magnetic dipole in a uniform magnetic field as the sole term in the
Hamiltonian. Recalling that the magnetic dipole is given by

n=g—J-s (3.20)

2mgC
the Hamiltonian is
H=-uB

=-g-3 s.B, (3.21)
2m.C

:is. B

m.C

whereq = -e andg = 2 have been used in the last line. The gyromagnetic tatie,
slightly different from 2, but we ignore that for now.

3.2.1 Magnetic Field in z-direction

For our first example we assume that the magnetic field is uniform and directed
along the z-axis. Writing the magnetic field as

B= Boi, (3.22)
allows the Hamiltonian to be simplified to
e
_SBog
mc -, (3.23)
=WpS,
where we have introduced the definition
Wy = %. (3.24)
mC

This definition of an angular frequency simplifies the notation now and will lead to an
obvious interpretation at the end.

Since the Hamiltonian is proportional to tBeoperatorH andS, commute and
share common eigenstates. This is clear if we write the Hamiltonian as a matri§jn the
representation:
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. hwy ' 0
H =0 3.25
2 b -1 (3.25)
SinceH is diagonal, its eigenstates must be the basis states of the representation, while its
eigenvalues are the diagonal elements of the matrix. The eigenvalue equations for the
Hamiltonian are then

710
H|+) = wS,|+) =TO|+> = B4
o (3.26)
Hl-) =weS|-) = ‘TO|+> = E|9
with eigenvalues and eigenvectors given by
E+ - h& E_ - —h_
2 2 (3.27)
|E,)=1+) |E_) =[-)

Now consider a few examples to illustrate the key features of the behavior of a
spin 1/2 system in a uniform magnetic field. First consider the case where the initial state
is spin up along z-axis:

W) =+ (3.28)
The Schrédinger equation time evolution takes this to

|llJ(t)> — e—iE+t/h|+>

| | (3.29)
— e—lwot/2|+>

As we saw before, since the initial state is an energy eigenstate, the time evolved state
simply has a phase factor in front, which does not represent a physical change of the
state. The probability for measuring the spin to be up along the z-axis is

2
P(+) =[(+w(t))
i 2

=|(+e™ 024" (3.30)

=1
As expected, this is not time dependent. As before, we thus refer &s a stationary
state for this system.

Next consider the most general initial state, which we saw earlier corresponds to

spin up along an arbitrary direction. Thus we will write the initial state as

(w(0)) =1+), =Cosg| +) +S'ngei“’| -) (3.31)

or using matrix notation:
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. Ocog(6/2) O

w(0) = e sin(e/2)H

(3.32)

The time evolution simply introduces a time dependent phase term in each component,
giving
. De &V cogg/2) O
|w(t)> B Ee—iE_t/h P 5
€?sin(6/2)

Oe™“0'/2 cog(6/2) O
Eei‘*’ot/zei‘psin(e/z)g

:e_iwot/zm_ cos(6/2) O
(0 ) gin(gy2)]

If we again note that an overall phase does not have measureable effects, then the evolved
state is simply a spin up eigenstate along a direction that has the same pol@rasuigée

new azimuthal angl@ + wt. The state appears to have simply rotated around the z-axis,
the axis of the magnetic field, by the angbgt. Of course, we have to limit our
discussion to results of measurements, so let's calculate the probability for measuring the
spin projection along the z-axis first:

P(+) =|(+w(t))

2
- —iooo’[/ZD _ COS(@/Z)
(1 O)E‘ Ee|((p+ubt)sin(e/2) .

‘2

(3.33)

‘2

(3.34)
= ‘e‘i‘*’ot/ % cog(6/2)
= cos?(6/2)

This is time independent since tBgeigenstates are also energy eigenstates for this
problem, and it is consistent with the interpretation that the @tiat the spin vector
makes with the z-axis does not change. The probability for measuring spin up along the
X-axis is
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P(+,) = | (Hw ()

0 cof6/2) o
9/2)%

%(1 1) _Iwot/z%((mubt)sin(

= %‘cos(e/z) + gl ant) n(e/z)‘z .(3.35)
=4 Fos’(8/2) + cos(@/2)sin(6/2) () + &7 * W in?(0/2)

= %[1+sin6cos((p+ ubt)]

This is time dependent since tls¢ eigenstates are not stationary states. The time
dependence is consistent with the spin precessing around the z-axis. To further
demonstrate this it is useful to calculate the expectation values for each of the spin
components. Fd8, we have

(S) = (wO)S ()
_ iogt/2 i(g+ayt) Dh M 00 28 003(9/2) O
%05(6/2 e sin 6/2 DEEO Ee Ee o+ cot) sin 9/2 E

" , (3.36)

- E[cosz(e/z) ~sin?(6/2)

= Ecose
2

while the other components are
(So) = (W(O)S|w(t))
_ _jwot/2 %05(9/2 o <p+wot)sm(e/2)gzg (1)D —iwot/ZEe (pf:i(es/?e/z E
: (3.37)

= ZCOS(G/Z)sin(G/Z) %‘(“” wt) 4 g7i( reoot) 5

= gsinecos((p+ wt)

and
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(s >=< /S w(t))
it ettt
. (3.38)
= gcos(e/ 2)sin(6/2) é-iei(‘l” ot) 4 i@+ ct) 5

:gsinesin(cp+ upt)

The expectation value of the total spin vegt®r is shown in Fig 3.1, where it is seen to
precess around the magnetic field direction with an angular frequegcy This
frequency of precession is known as ltlaemor frequency. Classically this is what one
expects when a magnetic moment is placed in a uniform magnetic field.

A classical magnetic momept experiences a torqup x B when placed in a
magnetic field. If the magnetic moment is aligned with an angular momednjuien
we can write

M=\, (3.39)
wherey is the gyromagnetic ratio of the systefihe equation of motion for the angular
momentum

~ TH*B (3.40)

then results in

\

Figure 3.1 Expectation value of spin in magnetic field.
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9 _\uxB, (3.41)

Since the torque is perpendicular to the angular momentum, it causes the magnetic
moment to precess about the field with an angular frequegpneyB.

In the quantum mechanical example we are considering, the gyromagnetic ratio is
negative (meaning the spin and magnetic moment are anti-parallel), so the precession is
counterclockwise around the field. A positive gyromagnetic ratio would result in
clockwise precession. This precession makes it clear that the system has angular
momentum, as opposed to simply a magnetic dipole.

Precession experiments like this are of great practical value. For example, if we
measure the magnetic field strength and the precession frequency, then the gyromagnetic
ratio can be determined. This spin precession problem is also of considerable theoretical
utility since it is mathematically equivalent to many other quantum systems that can be
modeled as two-state systems. This utility is broader than you might guess at first glance
since many multi-state quantum systems can be reduced to two-state systems if the
experiment is designed to only interact with two of the many levels of the system.

3.2.2 Magnetic field in general direction

For our second example, consider a more general direction for the magnetic field
by adding a magnetic field component along the x-axis to the already existing field along
the z-axis. The simplest approach to solving this new problem would be to redefine the
coordinate system so the z-axis pointed along the direction of the new total magnetic
field. Then the solution would be the same as was obtained above, with a new value for
the magnitude of the magnetic field being the only change. This approach would be
considered astute in many circumstances, but we will not take it since we want to get
practice solving this new type of problem and we want to address some issues that are
best posed in the original coordinate system. Thus we define a new magnetic field as

B = By + BX. (3.42)

This field is oriented in the xz-plane at an ar@jlith respect to the z-axis, as shown in
Fig. 3.2. In light of the solution above, it it useful to define Larmor frequencies

Figure 3.2 Magnetic field in general direction.

12/19/02



Chap. 3 Schradinger Time Evolution 60

associated with each of the field components:

Wg = 9y W, = 95 : (3.43)
2m.C 2mC
Using these definitions, the Hamiltonian becomes
H=-p+B
: (3.44)
= WS, + WS
or in matrix representation

He g S (3.45)

2 Ho, -y

This Hamiltonian is not diagonal, so its eigenstates are not the same as the eigenstates of
S,. Rather we must use the diagonalization procedure to find the new eigenvalues and
eigenvectors. The characteristic equation determining the eigenvalues is

h h
—Wp— A S0
2 2 -0

e R

5% > % , (3.46)
e h f_

EQOOOD + X EEQ)lD 0

with solution
A= J_rg W3+ 0% . (3.47)

Note that the eigenvalues atg7iw,/2) whenw; = 0, which they must be given our
previous solution. Rather than solve directly for the eigenvectors, let's make them
obvious by rewriting the Hamiltonian. From Fig. 3.2 it is clear that the ahggte
determined by the equation

ane:ﬂ:%. (3.48)
0

Using this, the Hamiltonian can be written as
[pose sinb
H=Z /oo 3.49
0¥ Esme —COSGE ( )

If we let n be the unit vector in the direction of the total magnetic field, then the

Hamiltonian is simply
H = h [02 + S
2 0 ()f *
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This is what we expected at the beginning: that the problem could be solved by using the
field direction to define a coordinate system. Thus the eigenvalues are as we found above
and the eigenstates are the spin up and down states along the dimegiltioh are

[+)y = 0052 |4) +sin ) -
(3.50)
=), =sin2]+4) —cos2| 3
n 2 2

for this case since the azimuthal angles zero. These are the same states you would
find by directly solving for the eigenstates of the Hamiltonian. Since we have already
done that for th&, case earlier, we do not repeat it here.

Now consider performing the following experiment: begin with the system in the
spin up state along the z-axis, and measure the spin projection along the z-axis after the
system has evolved in this magnetic field for some time. Let's specifically calculate the
probability that the initial+) is later found to have evolved to the) state. This is
commonly known as apin flip. According to our time evolution prescription, we must
first write the initial state in terms of the energy eigenstates of the system. In the
examples above, this was trivial since the energy eigenstates wete tiates that we
used to express all general states. Since this new problem is more difficult, we will
proceed more slowly. The initial state

\w(0)) =]+) (3.51)

must be written in thé¢t) = basis. Since this basis is complete, we can apply the closure
relation to get

W(0)) = [+ + Dpnl I+
= Hnn(H4) + Fpn( 4
= (A4 9 (5:52)
:cosg|+>n +sing|—>n

The time evolved state is found by multiplying each coefficient by a phase factor
dependent on the energy of that eigenstate:

W(0) =& cos 0 +), +e7E"sin 3| (353)

2"

We will leave it in this form and substitute the energy eigenvalues

E, = igw/wg +6f (3.54)

at the end of the example.
The probability of a spin flip is
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2
P+ = ) =[O

2
— |/ LL-IEt/h b —iE_t/h o 0 .
= (- cos§|+>n +e sm§| o

— |eiE/A

) —E_t/h . O 2
053 (-| 4y, +e P n (43,

2
— e_|E+t/h Cosgs'ng +e_|E—t/hs'n9D—Cos— ) (355)
27 2 2l 2

2
cos2 sm ‘1 e LBt/

%sm GH.+COS(E )t%

»E, —E_)tO

= sin°0sin Eig

Again, this makes it clear that the probability oscillates at the frequency determined by
the difference in energy of the eigenstates. This formula has important applications in
many problems and is often call®hbi's formula. In the example at hand, the

probability becomes
2 O /32 + 0
P("‘ - _) = ©1 in2 gV %o ("f (356)
()

To gain insight into this formula, consider first the simple cases where the
solution is obvious from our solution of the example in Sec. 3.2.1. For example, if there
is no added field in the x-direction, thepn = 0 andP(+ - -) =0 since the initial state is
a stationary state. In the other extreme, if there is no field component in the z-direction,
thenw, = 0 andP(+ - -) oscillates between 0 and 1 at the frequesngyas shown in
Fig. 3.3 (a). This corresponds to spin precession around the field in the x-direction, with
a complete spin flip froni+) to |-) and back again occurring at the precession frequency
w;. In the general case where both magnetic field components are present, the
probability does not reach one and so there is no time at which the spin is certain to flip
over. If the x—component of the field is small compared to the z-component, then
W, <<wy, and P(+ - -) oscillates between 0 and a value much less than one at a
frequency approximately equaldg, as shown in Fig. 3.3 (b).

Now consider how we can relate this solution to other two-level systems to show
the power and utility of this simple problem. We are interested in any two-state system
with a Hamiltonian that, like Eq(3.45), isnot diagonal. To keep the problem
conceptually similar to the spin problem, consider a system that starts in one of the basis
kets and then ask for the probability that the other ket is measured after some time
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Figure 3.3 Spin flip probability for (a) field only in x-direction and (b) field with x- and
z-components.

Since the Hamiltonian is not diagonal, these kets are not the same as the energy
eigenstates. Hence the probability of measuring one of these states will oscillate.

3.3  Neutrino Oscillations

A modern example of this type of problem is provided by the phenomenon of
neutrino oscillations. Neutrinos are uncharged, relativistic particles that are produced in
weak interaction processes. In nuclear beta decay, neutrinos are produced in processes
such as

n- p+e+ Ve (3.57)
p-n+e +vg

where the subscript labels the neutrino as an electron neutrino and the bav/azekn
anti-neutrino. These neutrinos are produced at relativistic speeds and have little if any
rest mass. They are often considered to be massless, like photons, but there is no
compelling theoretical reason for them to be massless (as there is for photons). The mass
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of a neutrino is thus an open experimental question, and has some interesting
consequences. One of the reasons we don't yet know the neutrino mass is that neutrinos
are very hard to detect. They can undergo reactions of the type
Vothn - pte
€ , (3.58)
Ve+p-n+e'

which means that a neutrino colliding with a nucleus will change the nucleus and produce
an electron or positron. Unfortunately, the probabilities or cross-sections for these events
are very small. As a result, we have large numbers of neutrinos passing through our
bodies all the time with virtually no effect.
There are other types of neutrinos associated with other reactions, such as
T[+ . u+ +V

S (3.59)

H - e +v, +Vg

which represent the decay of a piar) {0 a muon (1) and the decay of a muon to an
electron, respectively. A muon behaves exactly like an electron but has a larger mass.
Electrons, muons, and a third particle (tau) and their associated neutrinos are collectively
called Leptons. In reactions involving these particles it is convenient to define a lepton
flavor quantum number, with the assigned valugs 1 for the electrore” and its
associated neutring,, L, = -1 for the positro®” and the antineutrin@y, L, =1 for the
muonp™ and its associated neutring,, andL,, = -1 for thep™ and V. With these
assignments, the individual electron and muon flavor numbers are conserved in the
processes shown above. However, there is no theoretical basis for this conservation, and
so we allow for the possibility that these quantum numbers are only approximately

conserved. This possibility then allows for reactions of the type
Ve = V., (3.60)

where an electron neutrino changes its flavor and becomes a muon neutrino, or the
reverse. Such changes are often caikatrino mixing or neutrino oscillations.

The labeling of neutrinos according to their association with electrons or muons
arises from their behavior in the weak processes described above. In other words, the
quantum stategy,) and |vp) are eigenstates of the Hamiltonian describing the weak
interaction. However, when neutrinos propagate in free space, the weak interaction is not
relevant and the only Hamiltonian of relevance is that due to the relavisitic energy of the
particles, which includes their rest mass and momenta. The eigenstates of this
Hamiltonian are generally referred to as the mass eigenstates. If the masses of the two
types of neutrinos (electron and muon) are different, then, in general, the mass eigenstates
will not coincide with the weak interaction eigenstates. This distinction between sets of
eigenstates allows for flavor changing processes.

To see why this is so, let the mass eigenstates be |ajsgljednd|v,). Either
one of the two bases (mass or weak eigenstates) can be used as a complete basis upon
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which to expand any general state in this system. Let's assume that the relation between
the bases can be written as

Ve) = cosg|vl> +sing|v2>

. (3.61)

‘v >=sin9|v >—cos§|v )
u 2 1 2 2

This form allows us to use our results from above while still being general enough for the
problem at hand. The ang82 is generally referred to as thaxing angle (some
treatments drop the factor 1/2, but we retain it to be consistent with the previous spin 1/2
discussion). If the mixing angle is small then the relations become

[Ve) = |vy)
‘Vu>:|V2>.

Assume that an electron neutrino is created in some weak interaction process and
then propagates through free space to a detector. We wish to know the probability that a
muon neutrino is detected, which is the signature of neutrino flavor mixing. Thus the
initial state vector is

(3.62)

W(0)) =|Ve)

—cos§|v >+sin9|v ) (5:69)
2!t 22
During the free-space propagation, the energy eigenstates of the system are the mass
eigenstates since there is no weak interaction present. Thus the Schrddinger time
evolution for this state is

lw(t)) = cosge_iElt/h|v1> +singe'iE2t/h|v2>. (3.64)

The energy eigenvalues are simply the relativistic energies, which are determined by the
rest masses and the momenta:

Ei:\/(pc)2+(n]cz)2, i=12. (3.65)

Assuming that the neutrinos are highly relativistieq << pc), we find
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A lDT\CzDZD
[ pCE Z%E E (3.66)

The beauty of studying two-level systems such as spin 1/2 and neutrino
oscillations is that they are formally identical. In the spin 1/2 case we phrased the
problem in terms of finding the probability of a spin flip, whereas here we are looking for
a change in the flavor of the neutrino. In both cases, the initial and final states are not
energy eigenstates, but rather orthogonal states in a different basis. Since the problems
are mathematically identical, the probability of a transition between the orthogonal states
takes the same form. The probability of a neutrino oscillation is thus given by the same
equation as the spin flip probability (Eq. (3.55))

P(Ve - V) = Kvp‘q—'(t»‘z
2HE - E)tO

=dn’0sin O H

where the parametdr has been defined the same in both problems and the energy
differenceE, - E. has been changed to the energy differeBgeE,. This energy
difference can be written as
2 2
(me?)” _ (me?)

2pc 2pc (3.68)

(3.67)

E-E=

- (e =)

Since the neutrinos move at nearly the speed ofdighe can approximate the time from
the creation of the electron neutrino to the detection of the muon neutrin@ la%,
wherelL is the distance from the source to the detector. This gives a probability for
neutrino flavor change of

ch O

P(Ve - Vy) =98n 29sin? @—% (3.69)

As a function of the distandg the probability oscillates from 0 to a maximum value of
sin?8 - hence the term neutrino oscillations. By measuring the fractions of different
neutrino flavors at a distance from a neutrino source (e.g., reactor, sun, supernova) and
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comparing to a model for the expected fractions, experimenters thus hope to be able to
infer the masses, or at least the mass differences, of the different neutrinos.

3.4  Magnetic Resonance

In the spin precession example in Sec. 3.2.2, we concluded that a complete spin
flip required a large field in the x-direction. This represents a large change or
perturbation compared to the initial situation of a field in the z-direction. Now consider
whether we can induce a complete spin flip without such a large perturbation. That is,
what small magnetic field can we add to the system that will cal#gestate to oscillate
to a|-) state? To answer this, it is instructive to consider the classical problem first.

A classical magnetic moment aligned with an angular momentum precesses
around the direction of an applied magnetic field. Now imagine going to a reference
frame that rotates about the field (assume z-direction) with the same frequency as the
precession. An observer in that frame would see the magnetic moment stationary and so
would conclude that there is no magnetic field in that frame. If that rotating observer
were asked to flip the magnetic moment from up to down along the z-axis, she would
answer "Simple, just impose a small magnetic field perpendicular to the z-axis, which
will cause the spin to precess around that direction." Since that field is the only field
acting in that frame, it can be as small as one likes. The magnitude simply determines the
time for the spin to flip.

In this situation the transverse applied field is stationary in the rotating frame, so
it will appear to be rotating at the precessional frequency in the original frame. Thus we
could write it as

B = B, cog(wt)X + B;sin(at)y, (3.70)

where we allow the frequeney to differ from the precessional frequerwyin order to
solve the problem more generally. In that case, there would be some residual precession
in the rotating frame and so the rotating observer would conclude that there is some
residual field in the z-direction. Hence, we expect that the added transverse field would
not cause a complete flipping of the magnetic moment from up to down in this general
case.

Let's now apply this reasoning to the quantum mechanical case. Assume a
magnetic field of the form

B = ByZ + B[ cog{wt)X +sin(at)y], (3.71)
which results in a Hamiltonian
H=-uB
. 3.72
= oS, + o cos{ ), +sin( )] 572

We again define the Larmor frequencies corresponding to the two magnetic field
components,
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_ 98By _geB
Wy = ome M e’ (3.73)

The matrix representation of the Hamiltonian becomes

. h 0wy w0
. 2 E},Je?wt o H (3.74)

This Hamiltonian is time dependent, so we can no longer use our simple
prescription for Schrédinger time evolution. Rather, we must return to the Schrédinger
equation and solve it with these new time-dependent terms. If we write the state vector
as

. &.(t)o
W) =c.O+) +e-O-) =g A (3.75)
then Schrodinger's equation
in () = H(D) () (3.76
leads to
e, () = "0, (1) + 2 e e (1)
2 2 , (3.77)
i (t) = "";’1 dete, (1) - hTwOC_(t)

where ¢,(t) denotes a time derivative. To solve these time-dependent coupled
differential equations, it is useful to follow the lead of the classical discussion and
consider the problem from the rotating frame. Though we don't yet have the complete
tools to know how to effect this transformation, we will take it on faith that after a frame
transformation the state vector can be written as

B0) = . ()62 +c ez = 0O O

. (t)e" 2

where |((t)) is the state vector as viewed from the rotating frame. If we call the
coefficients of this vectoua, (t), then we can write

(3.78)

3 . o (o
D(1)) = o, (1)) +) +a_(1)-) = EJ B (3.79)
where the relations between the sets of coefficients are
. (t) = e M %a, (1) (3.80)

c_(t) =% _(t)

The state vector in the non-rotating frame can thus be written as
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_ —ieot/2 o2\ = Lb(t)e7 20
W)= a0 +a -9 £ 00 (3.81)
Another way of viewing this transformation is to say that based upon earlier solutions of
similar problems (Eq. (3.33)), we expect the coefficientd) to have time dependence
of the form e and so we have extracted that part of the solution and now need to
solve for the remaining time dependence in the coefficien(s). In this view, we have
simply performed a mathematical trick to make the solution easier.
If we now substitute the expressions fef(t) in terms of a.(t) into the

differential equations, we get

e ()= =", )+ "2La ()
" A , (3.82)
ina_(t) ==2ka . () + 2 ()
where we have defined a new term
AWE W— W, (3.83)

which is the difference between the angular frequencies of the rotating field and the
Larmor precession due to the z-component of the magnetic field. 8ir(tk are the
coefficients of the transformed state vec@t)), these differential equations can be
considered as comprising the Schroédinger equation

d~ ~l

Iha|L|J(t)> = H| (1)), (3.84)
where the new Hamiltoniall has the matrix representation

~ Aw

H= BU 001D. (3.85)

2 Ho, Adf

Thus we have transformed (by rotation or mathematical sleight of hand) the
original problem into a new problem that has a time-independent Hamiltonian. Once we
solve the new problem, we can use the transformation equations to find the solution to the
original problem. However, since the new Hamiltonidnis time-independent, we
already know the solution. That is, this new problem has the same Hamiltonian as the
spin precession problem in Sec. 3.2.2, except that theutgrsreplaced by the new term
-Aw. We are interested in finding the same probabifi — —) that an initial|+) state
is later found to have evolved to the) state. The rotational transformation does not
alter the|z) basis states so if

(w(0)) =]+), (3.86)
then

5(0)) =|+). (3.87)
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The probability for a spin flip is given by
2
P+~ ) =[(Hw()

X (3.88)
= [c-(1)
The equations relating the coefficients can be used to write
|C | _‘ |wt/2 )‘2
=la_@®f (3.89)
o2
=[(-/®()
which means that the probability we desire is
o2
P+ - ) =[(HB0)" (3.90)

Thus we can use the spin precession solution we found abové€3(E6)), with the
changew, —> -Aw, resulting in

2 ) D’A 2 U
P(+ - —) :A(A)g)—iofgnzg%wft%

o gerlle-w)+d 0
-wfed f 2 ]

This is the famous Rabi flopping equation and has important applications all throughout
physics.
The probability of a spin flip oscillates with an angular frequency given by

Q= /(0w-w)+d, (3.92)

that is typically referred to as thgeneralized Rabi frequency The termRabi
frequency generally refers to the frequenay, which is the value of the generalized
Rabi frequency when the frequenwyof the rotating field is we set equal to the Larmor
precession frequenay, of the system in the presence of the magnetic Bglalone. For
this choice ofw, the probability of a spin flip becomes

(3.91)

— w20 [

P(+ - -) =sin D?tD’ (3.93)
which implies that the spin is flipped with 100% probability at an angular frequency
For other choices of the frequenwythe probability of a spin flip will oscillate with an
amplitude smaller than one. The amplitude of the spin flip oscillation, as a function of
the frequency of the rotating field, is plotted in Fig. 3.4. This curve is generally
referred to as horentzian curve and clearly exhibits the importaesonantbehavior of
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20y

Wy

A /

Figure 3.4 Magnetic resonance curve.

the spin flip probability. The full width at half maximufWHM ) of the resonance
curve is 2.

For the resonance condition= w,, the probability of a spin flip as a function of
time is plotted in Fig. 3.5. Since the frequengyis proportional to the applied fielsi,
the rate of spin flipping increases with increasing field. However, it is important to note
that there is still 100% probability of a spin flip for very small fields. This is the property
we were looking for at the beginning of the problem — a way to flip the spin without
perturbing the system appreciably. After a timgven byow,t = 11, the probability for a
spin flip is 100%. We have assumed that the applied field is on continuously, but this
spin flip can also be produced by a pulsed field with a magnitude and duration that satisfy
wt =1 Such a pulse is often calledrepulse and is used to flip a spin, or more
generally to make a transition from one energy state to another with 100% certainty. The
diagram on the right of Fig. 3.5 illustrates the energy levels of the spin in the magnetic
field and how transitions between the levels can be associated with the spin flip

1
P(-)
0.75 T absor‘fmon [+00
0517
Y |_|:|
0257 emission
< —t ~ —
emission  absorption  emission t
0 uy 21w, 31uy

Figure 3.5 Rabi oscillations for resonance condition.
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oscillation. A transition from an upper level to a lower level takes energy from the atom
and gives it to the magnetic field and is knowreasssion while the opposite process
takes energy from the field and is knownassorption. This same picture of the
interaction between a two-level system and a field is used to explain how atoms absorb

and emit light.
Problems
3.1 Consider a simple two-state quantum system with a Hamiltonian

3.2

3.3

/r 00

H=Bo &R

Another physical observable A is described by the operator

i

wherea is real and positive. Let the initial state of the systemyi{g)) =|a,),
where |a1> is the eigenstate corresponding to the larger of the two possible
eigenvalues oA. What is the frequency of oscillationg(, the Bohr frequency)

of the expectation value &f?

(Townsend 4.5) A beam of identical neutral particles with spin 1/2 is prepared in
the |+) state. The beam enters a uniform magnetic feldvhich is in thex-z

plane oriented at an andgdewith respect to the-axis. At a timeT later, the beam
enters a Stern-Gerlach analyzer oriented along-the@s. What is the probability
that particles will be detected wit§, =7/2? Check your result by evaluating
the special casdés= 0 andd = 172.

(Goswami 16.6) Consider a spin 1/2 particle. At timé®, the particle is in the
state|+).

a) If S is measured dt= 0, what is the probability of getting a valaé 27?

b) Suppose instead of performing the above measurement, the system is allowed
to evolve in a magnetic fiel@ = Byy. Using theS, basis, calculate the state
of the system after a tinte

c) Attimet, suppose we measu$g; what is the probability that a value/ 2
will be found?
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3.4

3.5

3.6

3.7

Chap. 3 Schradinger Time Evolution

(Goswami 16.7) Consider a spin 1/2 particle. At timé®, the particle is in the
state|+).

a) Attimet =0, we measur§ and find a valug: /2. What is the state vector
immediately after the measurement?

b) At the same instant of the measurement, we apply a magnetich'reBOZ
on the particle and allow the particle to precess for aTim#/hat is the state
of the system at=T?

c) Att=T, the magnetic field is very rapidly rotated so that it is r®w ByY.-
After another time interval, a measurement & is carried out once more.
What is the probability that a value/ 2 is found?

(Townsend 4.4) A beam of identical neutral particles with spin 1/2 travels along
the y-axis. The beam passes through a series of two Stern-Gerlach (SG) spin
analyzing magnets, each of which is designed to analyze the spin projection along
the z-axis. The first Stern-Gerlach analyzer only allows particles with pin
(along thez-axis) to pass through. The second Stern-Gerlach analyzer only
allows patrticles with spidown (along thez-axis) to pass through. The particles
travel at speed, between the two analyzers, which are separated by a region of
length 7, in which there is a uniform magnetic fiedg pointing in thex-direction.
Determine the smallest value &f such that only 25% of the particles transmitted

by the first analyzer are transmitted by the second analyzer.

(Townsend 4.13) Let the matrix representation of the Hamiltonian of a three-state
system be

E, 0 AD
H=Uo g oU
O O
OA 0 E,0

using the basis stat¢h, |2), and|3).

a) If the state of the system at time 0 is |y(0)) =|2), what is the probability
that the system is in staf2) at timet?

b) If, instead, the state of the system at tinwe 0 is |((0)) =|3), what is the
probability that the system is in std8 at timet?

In part 3 of Spins Lab #3 you built a spin-1 interferometer and measured the
relative probabilities after the final SG device for the seven possible cases where
one beam, a pair of beams, or all three beams from the middle SG device were
used. Show how you used the projection postulate to calculate the theoretical
probabilities.
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